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SUMMARY 

In current aeronautical research, rapidly responding thermocouples 
and hot-wire anemometers are required. A laminated cylinder consisting 
of an oxide core and thin metallic coating is known to provide a larger 
output signal than a conventional metallic wire at high rates of change 
of environmental conditions when all other variables of the physical 
situation are fixed. A generalized attack on the problem of the responses 
of homogeneous and two-material laminated cylinders to sinusoidal environ- 
mental ten 5 >erature changes has accordingly been made. The results are ap- 
plicable to situations in which small heat-transfer coefficient changes 
occur in the absence or presence of environmental tenrperat\ire changes. 

The response of homogeneo^us and two-material laminated cylinders are 
given quantitatively in a series of tables and g^raphs and are discxissed 
qualitatively in detail. In the case of the laminated cylinder, results 
axe given for 1 combinations of the indicated nuraieral values of the 
following parameters: ratio of shell thermal conductivity to core thermal 

conductivity (5, 10, 20, 40, and 80); ratio of core radius to over-all 
radixis (0.75 and 0.90)j and nondimens ional heat-transfer coefficient, 
designated the JaEob number (a number of different values forming a geo- 
metrical progression covering a large range of physically possible opera- 
ting conditions). 

A parameter designated the "internal" time constant is introduced 
which uniquely characterizes the internal distribution of ten^peXature 
within a homogeneous cylinder and thus facilitates meaningful presenta- 
tion of both generalized and specific resxilts for particular physical 
situations. Two parameters suffice to characterize the internal dis- 
tribution of temperature within a two^ material laminated cylinder. For 
a cylinder having n layers, n such parameters are required. 
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The responses of 0.0004-, 0.002-, and 0. 010- inch- diameter homogene- 
ous and laminated ■wires of platinum and/or fused quartz exposed to a 
representative air stream are considered in detail. Such laminated -wires 
can achieve signeil gains (relative to outputs of conventional wires) suf- 
ficient to increase the frequency limit of •usable response by an order of 
magnitude greater than that associated -with conventioneil wires. Readlza- 
tion of such gains, which are not manifested until -fche relative response 
of the laminated structure drops below 0.01, -would require fabrication of 
s-fcructures such that the ratio of shell thickness to over-all raditis is 
at most 0.1 but is preferably no greater than 0.05. 

The theoretical material presented incl-udes sin 5 >llfled, approximate 
trea-tments of the two-material struc-ture which are not exact but which 
should yield results acciirate enough for design use. In particular, they 
enable computation of the response characteristics correct to at least 
three figures over overlapping frequency ranges which, collectively, cover 
all of the meaningful frequency spectrum. 


nsTRorucTion 

In connection -with investigations of the behavior of turbomachines 
or of proposed Improved components, it is often necessary to obtain a 
detailed picture of the instantaneous thermal and mass-flaw-rate struc- 
tures of the air flows occ-urrlng throughout interblade channels, between 
stator and rotor cascades, within blade (or shroud) boundary layers, 
behind trailing edges, or within engine ducts. Fast thermocouples and 
hot--wire anemometers are often -used in such research, but their faith- 
fulness of response is Inadeqxiate for many purposes. 

The response of such instruments may be improved (-within obvious 
mechanical limitations) by reducing the element cross section and, to a 
lesser extent, by properly shaping the element so as to expose a maximum 
of surface to the stream. In many si-tuatlons involving locally irregular 
flows, however, circularly cylindrical (or spherical) elements are the 
only streajm- inserted Instrument bodies -that are acceptable aerodynamically . 

The techniques of electrical compensation for ther m al lags have been 
extensively discussed in the literature (e.g., refs. 1, 2, and 3). In 
general, these techniques require amplifying systems with the rising gain 
characteristics of " constant- c-urrent" systems or the so-ca l led "constant- 
temperat-ure" feedback systems ha-ving amplifiers ■ with essent. 1al . l y flat 
frequency responses. 

Irrespective of the successes of such techniques , as upper limits 
of req-uired -useful-response frequency bands are raised, it is clear that 
maximization of both absolute and relative voltages delivered to such 
compensation de-vices is desirable so as to maintain high Inherent slgnal- 
to-noise ratios. 
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Conventional cylindrical elements, -wiiicli have high strength when 
effective length- to-diameter ratios are kept within reasonable boiands, 
are comparatively simple to fabricate. Their performance, however, is 
affected adversely by several obvioxis circumstances, namely; 

(l) The entire cross section of the element is electrically "active”. 
The effective total heat capacity is, moreover, that of the entire 
element . 

\ 2 ) Any change in environmental conditions is, necessarily, com- 
M raunicated first to exterior laminae and, subsequently, to the more cen- 

tral regions. As a consequence, differential phase l^s occur. 

( 3 ) Attenuation of a thermal wave occurs as the wave progresses from 
exterior to axis. 

The behavior of the homogeneous cylinder may accordingly be qualita- 
tively described as follows; At con 5 >aratively low frequencies, the entire 
element responds as an Integral unit. The response is then that of a 
first-order systemj the time constant is proportional to the product of 
the boundary- layer thermal resistance and the total heat capacity of the 
element. At hi^er frequencies, however, attenuation and differential 
phase shifting of thermal waves begin to occur. The situation becomes 
far more con^jlex. There is a decrease in over-all response not merely 
beca^ise of attenuation in the vicinity of the axis but also because the 
contributions to the electrical output (whatever the nature of that out- 
put may be) are not in phase. This phenomenon in turn causes a further 
decrease in output. 

It was suggested at the Lewis laboratory in 1946 (unpublished work) 
that one technique whereby the slt-uation could be ameliorated was to 
substitute for the homogenfio\is cylinder a two-material laminated cylinder 
(fig. 1 ). Some electrically nonconducting and thermally poor- conducting 
material such as an oxide was suggested for the core and an electrically 
active material of some kind such as a metal for the shell. 

Such a structvire would have certain advantages, and these advEintages 
would be present whether the instruments in question were thermocouples , 
hot-wire einemometers) or resistance thermometers; 

First, the electrically active material is now concentrated in a 
region that is the first to sense environmental changes. This effect 
tends to Increase instrument response. In addition, however, the 
thermally poor- conducting material of the core tends to become ther mal ly 
isolated from the surface region as the rapidity of an environmental 
change increases. Both of these effects combine to ensinre, generally, 
a much greater amplitude of electrically active material response than 



4 


MCA TN 3514 


woiild nccrmally occur for an ordinary metallic vire of the same size. At 
the same time, the lag of the response behind the external change becomes 
much smaller. 

Second, for the same cross section of material and same wire length, 
errors associated with paraxial heat conduction are reduced because of 
the smaller thermal conductivity of the core material. 

Third, the higher electrical resistance of such a structure res\ilts 
in a more efficient transfer of electrical energy to high in^jedance de- 
vices such as an^jlifier input circuits. 

Finally, because of the smaller length- to-diameter ratios made pos- 
sible by the lower thermal conductance, the laminated structure woiild have 
higher strength than ordinary wires when the proper materials are used. 

(it is of Interest in this connection that synthethic sapphire - mono- 
crystalline alTimlna - has been stressed to 155,000 pounds per square 
inch tensile stress at the National Bureau of Standards . Fused-qtiartz 
fibers- are known to have breaking strengths ranging up to 10® psi- ) 

It will be impossible, however, to achieve substantial gains in all 
of the mentioned ways simultaneously} the unit will have to be designed 
for the application. 

Nhlle use of such a stmctirre is analogous to the use of film 
bolometers in infra-red radiation detectors, there are certain ways in 
which the responses of sin 5 )le and compound cylinders differ materially 
from those of plane elements. It was therefore necessary to develop a 
quantitative treatment of the behavior of laminated- cylinder instrument 
elements. While the res-ults probably parallel certain of the results 
obtained in the bolometer field, no effort has been made to correlate 
quantitatively the behavior of film bolometers and laminated cylinders. 

It is, however, clear that differences in the two sets of behavior char- 
acteristics will be small for moderately high rates of variation of 
environmental, temperature, moderately high heat-transfer coefficients, 
nnd relatively very thin metallic f ilm s. 

It is the purpose of this report to present a reasonably complete 
quantitative description of the thermal behavior of both simple (homo- 
geneous, solid) circular cylinders and of two-material laminated cylin- 
ders exposed to circumferentially uniform environments. In the case of 
the laminated cylinder, the scope of the numerical results was neces- 
sarily limited. Specifically, the shell material was assumed to have 
higher conductivity than the core. Paraxial conduction was assumed to 
be of negligible magnitude. 
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Initially^ a discussion is presented of the "behavior of a simple 
circular cylinderj derivations of formulas taken from the literature are 
in appendix B. 

A discussion is then presented of the behavior of the two-material 
laminated cylinder that places strong emphasis on the case in which the 
shell material is high in thermal conductivity. The appropriate time 
constants and nondimens ional parameters are discussed. An exact ana lyti- 
c al treatment of the general, case is given in appendix Cj that solution 
was used to confirm a few of the numerical results obtained by the nu- 
merical integration technique discussed in this report. An approximate 
analysis leading to formulas of sufficient simplicity to enable desk- 
computer calculations within reasonable time periods is presented in 
appendix D. (The exact theory of the hollow- cylindrical shell, ■useful 
under certain circumstances, is given in appendix F.) 

The results of the extensive laminated- cylinder numerical computa- 
tions made in connection with the present study are then presented and 
discussed. The nxmerlcal integration technique tised is explained in 
appendix E, in which also is stated the procedure used in the calculation 
of the Kel-vin-Beasel functions required in "the calculations. Comparisons 
of the laminated- cylinder results with simple cylinder responses and -with 
first-order calculations are made. Illustrative examples of applications 
to physical sit-uations are included. 

The In^iortant symbols used In the report are defined in appendix A. 

THERMAL RESPONSES OF HOMOGENEOUS CYLINIERS AND OF CYLINDERS 
RESPONDING AS THOUGH HCMOGEHEOUS 
Ass'umptions and General Remarks 

Steady-state thermal responses of circula r cylinders to simple har- 
monic environmental teraperat'ure changes are considered in this section. 

It is assumed throiaghout that neither axial nor clrcTimferentlal varia- 
tions of heat-transfer coefficient, ampllt'ude, or frequency of the tem- 
perat'ure oscillation exist. 

Only the assumption on circumferential variation requires dlscus- 
sionj in actuality, rather large clxc-umferentlal irregularities often 
exist. A mean heat- transfer coefficient would be -used in such a situa- 
tion and its value obtained by an appropriate integration procedure. 

The question then arises as to the difference between the actual behavior 
of the cylinder n-nfl the beha'vior calculated under the ass'uiiq)tion that the 
heat-transfer coefficient -was uniform circumferentially and -was (of 
course) equal to the mean value of the real sltToation. At the high 
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frequencies and low core (oxide) thermal diffusivities, at which the 
important phenomena disctissed in this report will occur, hoth radial and 
circumferential spreading of local thermal, events will occur to only a 
small degree. At the same time, circumferential gradients of heat- 
transfer coefficient will he small in comparison with radial temperature 
gradients. Accordingly, the assumption of constancy of a heat-transfer 
coefficient at an appropriate mean value will necessarily lead to results 
in accord with reel cylinder behavior. 

Through appropriate syntheses, thermal, responses to nonsinus oidal 
periodic temperature drives may, of course, be obtained once the re- 
sponses to simple harmonic drives of a1 3. relevant frequencies are 
elucidated. If generalized frequency response results are available, 
aperiodic solutions are obtainable. 


Simple Cylinder 

Time consteint and Biot number . - It is convenient to speak of time 
constants of the system boundary- layer cylinder despite the fact that no 
exact simpl p relation exists between the behavior of first-order or 
second-order systems, on the one hand, and boundary- layer cylinder systems 
on the other. 


"External” and "internal" time constants: The external time constant, 

is that which characterizes the system when the cylinder responds as a 
\mit. In the caee of a wire through which little or no electrical cur- 
rent is flowing, the external time constant is given by 


'ext 


k^Ru^ 


r?k 




a*k^Ru^ 


2a*Bi 


( 1 ) 


in which Bi, a Biot moduliis, is defined by 


Bi H 


^^b 

k 


( 2 ) 


This is the conventional time constant iised in first-order analyses of 
thermocouple responses. 

When electrical heating occurs, the external time constant of a hot- 
wire anemometer, xinder constant- current conditions, is given by 

1 \ /■ 1 + "A ^ . 


(3) 
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J 


where Cj, Is the mean thermal coefficient of resistivity of the wire 
material over the temperature range 0° C to and Tg is the time- 

avereige value of the effective environment ten^jeratiore . The effective 
environment temperat\ure is defined as the temperature attained hy the wire 
when not heated electrically in the absence of longitudinal conduction. 

Qlhe internal, time constant arbitrarily defined as that 

period of time during which the area-averaged cylinder temperatTjre 
change, in the case of a sudden surface temperature change, attains a 

magnitude of 1 - e“^ of the final (asyn 5 >totic ) change. The numerical 
magnitude of the internal time constant may be obtained £is follows: 


The theory of the response of a (very long) homogeneous cylinder 
the surface teng)erature of which is suddenly changed from some initial 
value tQ to zero is given in reference 4, pages 170 to 171. Carslaw 

and Jaeger give 


t 

■^0,b 


oo 



e 


a^m^e 



in which 


is defined as follows: 



(4) 


where in the general case tQ, the initial temperatiire, is a function of 
the radial coordinate, and where mj is one of the successive roots of 
jQ(mj) = 0. The validity of this expansion is demonstrated in reference 
5 (p. 576) wherein it is also shown that 


PI 


= 


ri(mj) 




■to'J’o 



u 

St 


0 


For the case in which — ^ = 0, tQ is constant at some value, say 


t*, and 


becomes 


2t* 


m 


j Jl(m^ ) 
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Eqiiation (4) then hecomes 




2 , 

a^£ 

X 


which is identical with equation (5), page 174 of reference 4. Qarslaw 
and Jaeger give the avereige ten^jerature (on an area- weighted basis) for 
this case finally as 



( 5 ) 


Since 

that 


'^int 


was 


defined as the time 


at 'vriiich 



it follows 



• If, 

modulTzs 
for X 


now, the symbol X is used to denote the value of the Fourier 


* 

a T. 


Int 


2 ^ which the above equality holds, the defining equation 
^b 


becomes 





( 6 ) 


The roots of jQ(mj) = 0 may be found in the sources cited on pages 
261 to 262 of reference 6. It is possible to compute X precisely by- 
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C3 


calculating the value of the function represented hy the left side of 
equation (6) for a succession of values in the immediate vicinity of an 
approximate value of the constant. It did not seem worthwhile to do 
this, however^ since the usefulness of the concept would not he increased 
hy the availability of an exact value. The approximate value of X 

“> p ,* 


(0.111 ) was obtained in two ways: Firsts the values of 4 y 


for 


J=1 




values of the dtraimy parameter X ranging from 0 to 1.00, as given in 
references 7 (p. 143) and 8 (p. 357), were plotted. The value X ^ 0.111 
is immediately obtained from such a plot. This value has been adopted 
as an exact one throughout this work. 


An alternative method of determining the value of X is the exami- 
nation of curve III of figure 9 (p. 84) of reference 4, which presents 
both nondimens ional temperattire distributions and average temperatures 
for slabs, circiolar cylinders, and spheres as functions of the Fourier 

number a*0/r^. (it should be borne in mind, however, that u/v of t^he 

graph in question equals (Iq - t)/tQ in the present notation.) Again, 

one arrives at the same value of X to three significant figures using 
this second procedtire. 


The relation 


Xr| 0.111 r^ 

^int ® — » = 

a a 


( 7 ) 


then yields emphasized that equation (7) is adopted as the 

definition of 


The significemce of the two time constants in connection with the 
present problem is the following: If ^^ext ”^int^ then, regardless of 

the magnitude of the product oo^ext' cylinder will respond as a unit. 


In fact, a parameter of the highest inportance is the Biot modulus 
previously defined (eq. (2)), for 


^int 

"’'ext 



^ = 2XB1 
^b 
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that iSj 


B1 


V *!) ^ “^Int 
^ 2^'^ext 


( 8 ) 


On the other hand, as the Biot number, initially small under the 
above hypothesis, tends toward and ultimately exceeds unity, the interior 
temperature ceases to be uniform and the phenomena occur which were dis- 
cussed q-ualitatively in the IMEOIXJCTIOIJ- 


Solutions in literature; Surface and interior response . - The ratio 
of local instantaneous temperature of a homogeneous cylinder to the maxi- 
mum amplitude of harmonic environment temperature change tg cos co0 
is given by the following; 


t 

■*^e,M 


= n = 


berQ ( or ) + beiQ ( or ) 


11/2 


%,b ^I,b 


/ /i\0 

%,b - ^R,b ■beio(o^) 

r 

%,b + *1,1. ’==^0^“"' 


( 9 ) 


A result equivalent to this is derived in appendix B. It is there as- 
s\imed, however, that the ten^erature drive is tg sin(o30 + e). Equation 

(B15) there derived differs appropriately from equation (9). In equa- 
tion (9), berQ and beiQ (both real) are defined by 


Jq(1^/8 x) = berQX + i berQX 


and 


where 


and 


%-b - l3er^(ar^) + ber^Cor^) 


bel^(or^) + bei^Cor^) 



( 10 ) 



( 11 ) 
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CO 

CD 

CO 

CO 


(a solution is given in reference 9 for the case of a step change 
of environment temperaturej charts are presented, on pages 278, 286, 289, 
291, 413, 417, and. 418 of that reference.) 

Equation (9) seems to have been first derived, by H. Grbber (ref. 10). 
In that reference, a very complete exposition is presented both for the 
temperature regimes and the instemtaneous heat-flow rates in homogeneous 
slabs and cylinders upon stibjection of such objects to periodic environ- 
mental temperature changes. (Much of this material may also be found in 
refs. 9 and 11.) It should be noted, however, that GrSbers’ numerical 
results, while substantially correct, are not free from error. The 
numerical errors contained in the Grbber article are perpetuated in a 
somewhat truncated version of the original paper appearing in the more 
accessible reference 11 (pp. VOC-30 to VI-37). Table I presents a com- 
parison of the values of GrSber with the correct values as obtained di- 
rectly or confuted from the listings in reference 12 (pp. 182 to 201). 
Table I presents certain additional useful data. 

In table II, equivalent numerical values of certain of the non- 
dimensional moduli or parameters iised by GrSber and In the present study 
are listed. This listing facilitates the comparison among hia results 
and those more recently obtained by others. 

At this point, it is desirable to bring together the various parame- 
ters already mentioned. Appendix A exhibits the interrelations among 
those parameters. The moduli Fo* and Ja* are included because of 
their use by Grober. 

The relative surface tenq)erature values are given by 


% = 


berg(or^) + beig(or^) 




1/2 


cos ((d9 - tan” 


^I ■bero(oa:^) - % belo(ca^) 

\ l^erotoTb) + #3- 


fl2) 


This relation is easily obtained from equation (9) by substituting r^ 

for r wherever it appears in that equation. The axis temperature 
is given by 



inasmuch as berQ(O) = 1 while beiQ(O) = 0. 
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It Is clear that the ratio of the maxlimim Talues or of any pair of 
values occurring at the same epoch angles relative to the TnayimnmFi at 
the two locations (axis and surface) will he given hy 

|per§(ar^) + beigCar^)] (14) 

Groher (ref. lO) gives numerical values in both tabular and graphic 
form of tjijj and Examination of table I will indicate 

that his values of berQ and beiQ are correct or virtually so except 

at the highest values of the argument ccr. Accordingly, it was desirable 
to reproduce his germane tables and figures without change, although 
values corresponding to his large arguments must not be considered exact. 

Ihe surface temperature attenuation factors and phase shifts listed 
in GrSber's table 1 for the case of the sem i in finite slab are reproduced 

2rth2 

'here as table IH. The sole parameter in this case is Ja ^ ^ . 

kpCpCO 

Tables IV and V (Orober’s numbers 4 and 5) apply to the case of the 
cylinderj the parameters are Ja^ and Fo = Figures 2 and 3 

(from Grbber) exhibit the data of tables IV and V in graphic form. 

The limiting situations were summarized by Grober (ref. 10 ) as 
follows : 

"(a) If the heat- transfer coefficient is ihfinitely large [external 

time constant zero, internal arbitrairyj so that h^atQ = » jja^ = » 3 

then the surface temperature will be forced to follow the oscillations 
of environmental ten^jeratvire immediately and with undiminished amplltudej 
therefore, t^q = 1 [rj-jj = 1^ and e = 0° (the phase shift at the surface 

is zero] . 

"(b) This same consideration is valid when the cylinder is Infinitely 
thin, that is, (ato)/R^ = «> Dm = 0 and both time constants are zer<^ . 

"(c) If the heat-transfer coefficient is infinitely small [external 

time constant infinitely grea'Q , so that h^atQ = 0 [ja* = (3 , then the 

calculation yields a phase shift which increases from 45° to 90°, that 
is, from l/S to l/4 of a period. This phase shift is not too meaningful 
because the oscillations of sirrface ten 5 )erature are throttled down to 
zero by the adverse heat-transfer conditions. 
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"(d) When the cylinder is infinitely thick [ratio of internal to 
external time constant very high], then, simply, the laws [of heat trans- 
fer] for infinitely thick bodies [slabs] apply, and for this reason the 
first vertical numerical, series in tables 4 and 5 agrees with table 1." 

Grbber continues his discussion of a homogeneous cylinder as follows; 

"Now we can determine more accurately the domain of the ’infinitely 
thin' and of the 'infinitely thick' cylinders. 

"(a) If the calculation shows that (atQ)/R^ [Fo*] is greater than 

about 5 [[fo > 0.7958j ctr < 1.121} 0.139^ then the cylinder 

(according to table 6) responds as a unit over its entire thickness. 

This does not mean however that the cylinder [temperature] oscillation 
entirely follows that of the ambient temperature; only when t]q 

(according to table 4) is approaching unity does this occur and only 
then are we permitted to treat the cylinder as infinitely thin. 

"(b) We will in the following consider the temperature waves as cut 
off when they have decreased to 2 percent of their surface values. It 
can now be read off from table 6 that the temperature waves no longer 

reach the axis when (atQ)/R^ CFo^ is less than about 0.07 [Fo < 0.0114; 
ocr > 9 . 474; > 9 . 9^ . But this failure indicates that the cylinder 

is infinitely thick and the equations . . . [for the semiinfinite sla'^ 
are applicable. G3aese imply that the surface is plane. Approximately, 
therefore, the depth of penetration ... is only about a third to a fifth 
of the cylinder radius . " 

Mean response of simple cylinder . - The instantaneous mean tempera- 
tvire with respect to radius of a homiogeneoiis cylinder, taking into account 
the variation in relative phase over the cross section, is of considerable 
Interest. This relation, derived in appendix B, results from an elemen- 
tary area- weighting averaging process: 


n = 


or^ 


^^6,b + ^^^6,b 


4 > 


+ 


L -R,b --I,b J 


1/2 


cos 


- tan' 


-1 ^I,b ^^^6,b 

, bei' , - , ber ' , 

R,b 0,b I,b 0,b 


(The notation ber^ = beT(J)(ar-jj) has been introduced here. 
, that berQ (or^^ ) = -^[berQ (or J /d(cu:)^^ .) 


(15) 


Note also 
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03ie maximum amplitude of has been plotted in figure 4(a) as a 

fiinction of the variable = oar-j^pCp/zhj and of the parameter 

“^ext/^int = '^ext/'^int = (2XBi)"^ = k/2XHfr^. It will be noted that, 
for a homogeneous cylinder, large deviations from the first-order re- 
sponse occur only at values of '*^ext/'^lnt even then only for 

ciyfgyf. < 20. The physical reason for this remarkable fact appears to he 

that the Increase in surface temperature amplitude with decrease in 
”’^ext/"^int ■fcsD.ds to conqpensate for the decrease in deep- interior an 5 )li- 

tude. This point is brought out quantitatively in the following list 
of homogeneous- cylinder amplitude values: 



(XText = 31-62 


“'^int 

Approximate 
surface amplitude 
(Orbber) 

Exact mean 
amplitude 

0 

0.03161 (first-order) 

0.03161 

.1 

.031 

. 03150 

.3162 

.035 

. 03126 

1.0 

.043 

. 03067 

3.162 

.075 

.02981 

10 

.140 

.02845 


In this list, for a virtually constant relative mean amplitude, the sur- 
face temperatxure amplit-ude increases by a factor of 4.5 in going from a 
'^ext/^'int ^atio of infinity to a ratio of 3.162j this behavior is 
typical. 

Simple- cylinder sTorface temperature analog . - This phenomenon can 
be understood when a simple s-urface temperature analog is considered, 
namely, a circuit (fig. 5) consisting of a "black box," a source of 
(alternating) potential, and a high resistance in series representing 
the thermal resistance of the boimdary layer aroiind the cylinder. The 
"black box" may then be considered to be an analog of the cylinder 
itself. The potential is then aqiiivalent to the envlronmentEil tempera- 
ture oscillation while the current of the analog is equivalent to the 
heat-flow sinusoid. Provided the impedance of the black box remains at 
most about a third of the impedance of the external resistor, no change 
of distrib'ution of impedance within the box or of over-all box impedance 
will substantially affect the current (heat) flow level. If, however, 
the cylinder as a whole is to receive about the same amount of heat per 
unit time irrespective of the deep- Interior changes of. temperature, it 
must follow that the near-surface variations must increase 
correspondingly . 
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The black box contents Diay be represented, very roughly, by two 
resistors and an Inductance (fig. 5) and, in that case, will behave ap- 
proximately as the actual cylinder will at high (C't'ext "'Values j as the 

frequency increases, the cijrrent in resistor A will increase at 
the expense of that in B. 

Relative responses at surface and over entire cylinder . - The ratio 
of surface amplitude to mean amplitude (disregarding the phase differ- 
ence, of course) follows from equations (12) and (15): 



(Rote that ber^ + bei^ =. ber^^ + bel^2^ J 

As in the case of equation (14), this ratio is, of course, inde- 
pendent of the heat- transfer coefficient, that is, of the Jakob number j 
a few veilues of %/% m listed in table VI and plotted on figure 6. 

The corresponding decrease of phase shift is given by the relation 


cp - <p-b = 


ber^^b ^^0,b ^ 

belp^b ~>3e^0,b 


ber, 


bei, 


0^ ^^^6,b 


0,b 


bei 


0,b 


( 17 ) 


It should be noted again that relations (l2), (l6), and (l7) apply ■ 
to the homogeneous cylinder. They imply, however, that some means has 
been found whereby temperatTore conditions at the surface can be deter- 
mined by suitable instrumentation. Apart from optical means or the use 
of very high frequencies, no physical mechanism is actually available 
whereby this wholly theoretical improvement may be realized in the case 
of an electrically conductive cylinder. Moreover, the (metallic) interior 
of the homogeneous cylinder is stroi3gly coupled (thermally) to the sur- 
face so that the realizable Improvement would be small in any case. 


Quasi- Homogeneous-Cylinder Configurations 

General considerations . - In figure 7(a) a homogeneous metallic 
cylinder has been replaced by a laminated structure. An insulating 
layer (possibly of some oxide) is placed between the metallic core and 
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the outer shell of metal. The pui^oses might he provision of a neces- 
sary electrical separation and retention of an auxiliary source of heat. 

The volumetric specific heats of most nonporous materieils are very 
nearly equal, so that the substitution of the oxide shell has little if 
any affect on the thermal capacity of the device. This fact aids in the 
analysis of the situation. On the other hand, the radial thermal re- 
sistance vill he markedly increased if the oxide strat\im has significant 
thickness . 

Assuming, however, that both shells - particTolarly the oxide - are 
of negligible thickness, it is clear that the inprovement factor is given 
approximately by equation (l6) as a function of or-i^ (or of g)- 

In figure 7(b), the original homogeneous wire has been replaced by 
an oxide core, a thin concentric electrically conducting shell, and a 
cover shell of the same oxide. This arrangement would be desirable, for 
example, if corrosion protection of the metal were required, particularly 
for hlgh-temperat'ure applications. This configuration is desirable from 
the performance standpoint only when the oxide cover layer is very thin. 

The eqioations of the homogeneoTos cylinder are again valid approxi- 
mately provided the metallic 'layer is very thin, so that the sxnn of the 
thennal resistances of the oxide core, metallic shell, and oxide cover 
shell is not significantly less than that of ein oxide cylinder of the 
same over- all radlTis. In this instance, the response will of course 
fall off rapidly with increase in cover shell thickness, although there 
is no thickness limitation on the cover shell from the analytical 
standpoint . 

Relative inprovement for very thin shells . - If, in figure 7(b), the 
radius of the very t hin metallic shell is equal to the outside radiiis r-jj 

(outside oxide layer of zero thickness), the approximate improvement fac- 
tor and decrease in phase lag in comparison with the homogeneous metallic 
wire (the frequency and heat-transfer coefficient remaining fixed) are 
given by the following; 


\,1,M 



i|)2 + 

^R,2 ^1,2 


*2 . ,2 

L ^R,l ^ ^1,1 _ 

2 

ber^2(a2rb) + bei2(a2r^^ 


1/2 


( 18 ) 
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and 


‘^2 - %1 


= tan' 


^R,2 , , 

.1 L*I,2 * 




<i> 

L 1,2 




tan' 


-1 


bero(a^r^) ij, “ 

^ I K — I. ■ 


beroCo^r-^) " ^ 


%,1 ^erpCaj^r^) 


liij 


* 1,1 




+ 1 


(19) 


to 

I 

p-q 


o 


These were obtained in an obvious manner from equations (9) nrifl (l5)j 
note that in this situation rg^ = r-jj. In equations (18) and (19), 

^R ,2 ® ^er^Cogr^) + beroCogr^) 


> 


( 20 ) 


^ 1,1 " J ■ 

The in^trovement factor eind decrease in phase lag are functions of any of 
a number of dependent sets of four parameters^ for exan 5 >le, kg/k^, a^/a*, 

<X 2 i^^ and Ja 2 * It happens, however, that k 2 /k]_ s (a^a*), so that 

one of these variables is in practice supermmierary . Since the ntimber 
of calculations required for a generalized solution would be prohibi- 
tively leirge, niomerical results eire best obtained for specific cases. 


In figure 7(b), it is apparent that the thin shelled case is much 
more accurately described by the homogeneous -cylinder equations (with 
appropriate arguments) than is the situation of figure 7(a). The reason 
is that the oxide layer of figure 7(a) must be extremely thin if it is 
not to act as a thermal barrier, whereas in the case of figure 7(b) the 
metallic layer may have an appreciable thickness without seriously jeop- 
ardizing the accuracy of the sln 5 )le analysis. On the other hand, it is 
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highly desirable from the viewpoint of attainment of high response speed 
to have the oxide layer of figure 7(a) as thick as practicable. Ultimate- 
ly, the two-material configuration of figure 1 is again reached. 

The situation of figure 7(a), for the case of a very thin siirface 
(metallic) layer, may be more accurately analyzed as a thick- shell prob- 
lem that is the reverse of the situation of figure Ij the techniques are 
discTissed in the following section of the report. When the thick-shell 
approach is used, there is, of course, no limitation as to the oxide 
shell relative thickness. No actual computations have been carried out 
for this case, however. 


THE T170-MAIERIAL LAMINATED CYLINEER (FINITE SHELL THICKNESS) 

Moduli 


The parameters required for the description of the behavior of a 
laminated cylinder (when the shell thickness is not small) are discussed 
in the present section. In addition, a qualitative description of that 
behavior is presented in terms of those parameters. 


It should be noted that -rfien the thermal conductivity of the core 
of such a structure is small as compared with conductivity levels of 
metals, the decoupling of surface from interior is greatly magnified. 
This effect, together with the limitation of the sensory portion of the 
instrument to the thermally active surface section, constitutes the 
chief advantages of the structxnre under consideration. The resulting 
performance is best explained in terms of certain nondimens ional moduli 
derived from an appropriate set of time constants based on the preceding 
homogeneous -cylinder treatment. 


Text 2 ^ time required for the unifomn ten^perature of a solid, 
homogeneous cylinder of radi\is r^ and made of hypothetical material of 
infinite thermal conductivity but having the same volumetric specific 


heat 


P2'=p,2 


as the laminated- cylinder shell to change by 1 - e“^ of 


the total change when the environment temperature is stiddenly altered to 
a new fixed value. The heat -transfer coefficient h„ is assumed fixed. 


2 ^ time required for the mean temperature of a solid, 

homogeneous cylinder of rasLius r-j, and made of the same (reeil) material 
(of finite thermal conductivity) as the laminated-cylinder shell to change 

•jjy 1 _ e"^ of the total change when the surface temperature is suddenly 
altered. In this case, the value of h^ is not germane. 
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CD 

M 

DO 


Finally, 2 is the time required for the mean temperature of a 

solid, homogeneoxis cylinder of radius r^ and made of the same real ma- 
terial as the laminated- cylinder core to change hy 1 - e”^ of the total 
change when the temperature at radius rg^ is suddenly alteredj here, 

again, external conditions are not relevant. 

Three of the moduli of interest are then, explicitly, the following: 






'ext, 2 2hjf 


int,2 kg 




^^|PlS,l 


( 21 ) 


int,l k^ J 


It is a straightforward matter to show, hy means of the Buckingham 
n theorem or otherwise, that any physical situation descrihahle in terms 
of the eight variables r^, r^, h^, kj, kg, a^, ag, and a> can he de- 
scribed in terms of <^ext,2^ “^int,2^ “^int,l^ additional non- 

dimensional moduli not as yet selected. The resulting five nondlmensional 
moduli must constitute an independent set. The additional moduli 

p = ^a^^h ^ occur naturally in the exact theo- 

ry of this configuration as presented in appendix C and are therefore 
adopted as the final two moduli. (Note that F and F* in the calcula- 
tions of the present treatment are equal} see appendix A.) 


The relation 


“^int,l = «^int,2 



or 


“•^int,! = “'^int,2 



( 22 ) 


( 23 ) 


Pl^'p,! - P2'"p,2 


when 
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should now be noted. It is- to be recalled that the ultimate purpose is 
that of restricting temperature changes to the shell by decoupling the 
core from the shellj this expression states that the interneil time con- 
stant of the core (with an increase of which the decoupling effect^ of 
course, increases) exceeds that of the original wholly metallic wire by 
a factor which is proportional both to the square of the radius ratio 
r^^/r^ and to the thermal conductivity ratio k 2 /k]_. The importance of 

maximization of P is thus en^phasized. 


Qualitative Response Description 


In terms of the moduli mentioned, the behavior of the laminated 
stnicture may now be qualitatively discussed as follows: At frequencies 

so low that 1 is less than about 0.5, the entire cylinder re- 

sponds as a unit and the laminated structure is indistinguishable from a 
homogeneous wire. Ronnally, 2 these circumstances is very 

small, so that the cylinder follows the external changes preclselyj an 
exception would occur only for a vanishingly small heat-transfer coeffi- 
cient, which would mean an exceptionally small Blot number 

"'^int , 2/^^"^ext, 2 * 


As the frequency Increases, the thermal response of the core deterio- 
rates much more rapidly than wovild that of a high-thermal conductivity 
core under the same conditions. In consequence, the shell gradu all y be- 
comes isolated from the corej this process may be considered virtually 
complete at some q value between 15 and 20, depending on the ratio 

of core surface to mean core response that is accepted as representing 


"isolation". At the intermediate arr. 


value of 10, for example, the 


int,l 

ratio of oxide s\irface amplitude to mean oxide amplitude is about 4.9, 
whereas at the q value of 17.5 it is 13.2. 


VJhereaa the cylinder response as a whole deteriorates more rapidly 
with increase of frequency than does that of a homogeneous metallic cyl- 
inder, the response of the metallic shell falls off less rapidly, since 
exchange of heat with the relatively unresponsive core decreases with 
increasing frequency. At ayc.|Tit. 1 "'values greater than about 20, the 

response of the shell is essentially identical with that of a shell lined 
on the inside by a layer of zero thermal conductivity, that is, the re- 
sponse is virtually the same as that of a hollow, evacuated shell. It 
follows that the shell response, ignoring the existence of thermal gra- 
dients within the metal, is then approximately that of a first-order 
system having a time constant given by 


T — T 

ext,2,a-b ext, 2 


(1 - p2) 


(24) 
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The response associated with this single time constant 2 a b 

never quite realized because the core is never perfectly decoupled from 
the shell and because the shell temperature (amplitude) is never quite 
constant . 

At still higher frequencies - frequencies such that 2 is 

greater than about 4 to 5 - the nonuniformity of shell ten^jerattire be- 
comes marked, and it is no longer proper to consider that the shell re- 
sponds as a unit. 

An approximate analysis valid under aid sets of conditions such that 
the thermal an^jlitude gradient in the shell is small 2 less than 

about 4) is presented in appendix D. Explicitly, it is there assumed 
that the shell responds as a unit, but no such assumption is made con- 
cerning the core. The relations established by that analysis are accu- 
rate for low and moderate frequencies uni ess k 2 /k 2 is less than about 5. 


Calculations and Results: Finite Shell Thicknesses 

General considerations . - The mathematical techniques used in these 
calculations are described in detail in appendix E. In this section, 
selection of modulus values, organization of the calculations, and the 
nature and utilization of the results are discussed. 


Moduli and organization of calcxilations . - As was mentioned previ- 
ously, the relevant modxill in the laminated- cylinder slttiatlon are the 
following: ^‘^ext,2-» ‘‘^\nt,2^ ^int,l^ desirable that 

wide ranges of those variables be covered) that the ranges of greatest 
physiceil interest be emphasized) that regular sets of results be availa- 
ble in each of which only one variable among k 2 , k-^, cd, h^^, r^, and rg^ 

is considered as varying) and that interpolation among calculated results 
be reasonably easy. For materials of present Interest pqCp j. ^ always 


nearly equal to P 2 *^p 2 ^ hence the calculations were restricted to cases 
in which the equality holds precisely. Instead of F , the ratio k 2 /kj_ 


was taken as a primary modulus . 


Calculations were made for the two relative shell thicknesses cor- 
responding to P values of 0.75 and 0.90. It was felt that the results 
for these thicknesses, together with appropriate homogeneoiis- cylinder 
calculations for the cases p = 0 and p = unity, corresponding to ho- 
mogeneous metallic and oxide cylinders, respectively, would serve to 
establish the mean shell ampllt\ides and phase shifts of chief interest 
from the instrumentation standpoint. 
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Further, calculations were made for five ratios and five 

oDTint 2 ■valines according to table VH, in vbicb arbitrary case numbers 

and group letter designations are indicated together with the correspond- 
ing modulus magnitudes. 

It is clear that the effects of variation of any single modulus 
among kg/k^ and p may be observed by conparing results within 

an appropriate set of cases. In the case of 3 variations, it is neces- 
sary to consider also results for corresponding homogeneous- cylinder cal- 
c\ilatlons (p = 0 and l).' In the case of kg/k^^ variations, it may 

occasionally be helpful to consider results for corresponding homogeneous- 
cylinder calculations (kg/k^ = !)• 

Each 2 value corresponds to a definite ccgr-jj value according 

to the relation given in appendix A. Ihe nondimens ional variable of the 
heat-flow equations was = a^^r in these calculations (although Ogr 

could have been used as well). Ihe parameter or can be considered a 
kind of nondimens ional radliosj it is, at any rate, convenient to speak 
of an outer "radi^Is" Ogr-jj (or alternatively an<3- an inner "radius" 

ogra (or 

The assxmied relation between a^r and ogr is the following: 

ctQ^r = cxgr (kg/kj)^/^ (26) 

^ Pl^p 1 / P2^ 2y relation becomes 

o^r = agr (kg/k^)^/^ (pl<^p,l/p2''p,2)^^^ 

For each of the 50 case numbers of table VIII, the combination of 
P, kg/k]_ and g leads to a core "radius" according to the 

relation 


“l^a = (27) 

Relations (26) and (27) are valid only in the case of equality of 
the volumetric specific heats. An alternative point of view is that of 
considering that an vsilue is arrived at according to the 

relation ^ 


“^int,l - (^ 2 /^ 1 ) 
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Outline of calciilatlon procedures . - The initial mathematical pro- 
cedure then consisted of performing a numerical integration of the ap- 
propriate Bessel's equation over the range a^rg^ to ar|_r^ = a,j_rg^ 

that is, the equation is integrated outward through the shell to the 
surface. The starting values at the shell inner surface are the values 
of the and helQ ftinctlons for the argument The boundary 

conditions (including the change of properties) at the core- shell inter- 
face are taken into accountj the details are given in appendix E. Table 
VIII exhibits the values of °B^a °B^b 

cases . 


The results of such an integration is a pair of numbers - the veilues 
of the real and Imaginary parts of the solution of the Bessel's eq\iation 
at In effect, the variation with radius of amplitude and phase of 

the tenperature oscillation relative to conditions at the surface are 
obtained in this manner. The principal remaining task was that of as- 
certaining the actual s-urface an^littide and relative phase angle which, 
together with a given nondimens lonal heat- transfer coefficient 

Jag = hf/(oik2P2C comprise a triad of values consistent with en- 

vironment amplitude and phase angle. The details of this procedure are 
also given in appendix E together with the relations req-ulred for the 
calculation of local and mean shell amplitudes and phase angles. 


It is sufficient here to remark that a total of 19 Jag values was 

used with each of the 50 cases so as to cover adeqtiately the physical 
realm of interest. The valties of Jag were arrived at by calciilation 
according to the relation 


Jag = ( 28 ) 


in which (2X^2)-! ^ 1.50075 . . . for X = 0.111. The valties of 

2 previously mentioned were used with the set of g values 

couprlsing the geometrical progression 0.1xl0°-A, where n goes from 0 
to 22. It is to be noted that while pairs of successive values of 


“''^lnt,2 

^^0X1,2 


differ by the constant factor 10^/^, the successive values of 
and of jEig differ by loiA. 


The interrelations among Ja„, ' Sip' “^int 2' ^^ext 2' ^°2' 
Fog, and otgr^ are exhibited in table IX. This table w ill be discussed 
at greater length in the following section. 
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Results of Laminated-Cylinder Calculations and Discussion 

Identity of resiilts . - Mean relative an 5 )litude and phase shift as 
well as the local (internal) variations of relative amplitude and phase 
shift for a wide variety of conditions are presented in table X and fig- 
ures 8 to 11. The mean values are discussed first, since they are of 
primary Importance. 

The results of the laminated- cylinder and of certain additional re- 
lated calculations are presented in table X. As' indicated previously, 
the nxean an 5 )ll'tude and phase shift were obtained for each of the listed 
values of the dimensionless heat-transfer coefficient Ja^. The original 

calcxilations, discussed in appendix E, were carried out to seven or eight 
figures but the final results are correct only to within one unit at the 
fifth figure and to four units at the sixth figure, in table X, the 
values reproduced were rounded off to five significant figures in the 
case of the relative an^jlitudes and five significant figures in the case 
of the tangents of the phase angles. The laminated- cylinder phase shifts 
(Pg are given only to three decimal places because these were rounded off 

in "that manner preparatoi^r to curve plotting. The remaining phase shifts 
are given either to five significant figures or four decimal places. 

While ^2 is given only to three decimal places, greater accuracy can be 
recovered, if desired, by ■using the corresponding tan <pg values j the 

latter are included here because many of the formulas of the present wort 
involve the tangent of the angle rather than the angle itself. 

The arrangement of the laminated-cylinder (^ = 0.90 and 0.75) results 
in table X corresponds to the case number order of table VII. Comparisons 
among , differ ent sets of results may therefore easily be made, as indicated 
previously in connection ■with the discussion of table 'VII. 

Tn addition, res'ults are included of calculations for corresponding 
oxide- cylinder surface cases aufl exact and "first order" (uniform tempera- 
ture ass'umption) homogeneo'us -cylinder cases. The val'ue of Ja^ 'used in 

each oxide- cylinder calculation was, of course, equal to Jag i^/kg/k-j^. It 
follows that the homogeneous -oxide-cylinder surface ‘**b values 

represents limiting values 'which may be approached in real si'tuatlons 
but never attained, since they correspond to P = 1 = r^,). 

Qualitative exaTnination of results . - A number of Interesting com- 
parisons can be made. At the smaller coTpy^. values (less than about 3), 

the homogeneous- cylinder ampllt'ude at a given Jag is act'ually slightly 
greater than the laminated-shell value but as the value continues 

to increase (say, to 10 ), the shell values at the various kg/k^ ratios 
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pJl 

o 


■become greater, particularly at the high kgAl 'values. A related, and 
rather remarkable, -v-arlatlon of among the shell values at the lowest 

“’^ext 2 noted, namely, an initial decrease of with 

increasing kg/k^, followed "by a reversal of this trend. At successively 
higher ^‘^'^ext,2 values, this reversal is gradually eliminated xmtll the 

homogeneous -cylinder amplitudes fall invariably below all the others. 

No satisfactory explanation of all of these effects is available. 

A detailed comparison of the results at the several p values in- 
dicates that at moderate 2 values, the in 5 >rovement factor de- 

creases markedly as the shell thickness Increases moderately. For ex- 
ample, at an value of 1.0 and an anTg^j. g value of 100, the 

an 5 )lltude values for kg/k^ = 40 are as follows: P = 1 (oxide surface), 

0.090430j p = 0.90, 0.037681j p = 0.75, 0.020378j and p = 0 (homogeneous 
cylinder - exact solution), 0.0099049. !Ehe successive ratios of mean 
shell response to oxide -cylinder surface response for the 0.90 shell, 

0.75 sheU, and 0.0 shell (i.e., homogeneous metallic cylinder) are 
0.417, 0.225, and 0.1095, respectively. Therefore, the decrease in am- 
plitude, in going from the p = unity (oxide cylinder) case to the 0.75 
shell case, is much greater than the change between the 0.75 shell case 
and the p = 0 (homogeneous cylinder) case. 

Variable-frequency plots . - Certain additional comparisons are best 
made in connection with the discussion of the variable-frequency plots. 
Mean relative aniplitude and phase angle are plotted in figures 8 and 9, 
respectively, as functions of the parameter g; in the meantime 

^ext,2 permitted to vary in the manner in which it would if co alone 
were varying in the case of each moduluB. 

An^jlitude cinrves for each lettered group (p and kg/k]_ constant) 

constitute a single part of figvire 8, while the phase results constitute 
a single part of figure 9. The parameter held constant in the case of 
each phase shift curve and in the case of each of the principal an^jlitude 
curves (running from upper left to Iccfer right) is the Biot number Big, 

the value of which is indicated on each ciirve. The Independent variable 
has been teiken ae g to conserve space. In effect, the sole vari- 

able of these jjrlnclpal curves is the freq,uency (although other possi- 
bilities, not an particularly useful, will be mentioned). In addition, 
secondary cirrves are drawn on the an 5 )litude sheets (fig. 8)} their 
meaning and use are explained elsewhere. 
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The an^jlitiKie and phase shift values for these plots were selected 
with the help of table IX and the expression 


1.50075 
Jag 


• • (^int,2)^^^ 

^ext,2 


(29) 


It is clear that upon increasing or decreasing the frequency by some 
factor^ Ja 2 will decrease or increase, respectively, by the square root 

of that factor while 2 aTid oJ^gxt 2 vary directly with 

the factor. 


In table IX, it will be noticed that the successive combinations of 
gj o'^int 2^ *^®’2 for a given amplitude curve lie 

along a dlagon^ line Inclined upward from left to right and along which 
the Biot number is constant. The fact that a succession of columns of 
table IX must be traversed indicates that the successive mean ang)lltudes 
p.-nri phase shifts must be found, not in the results for any one case, but 
rather in a properly chosen set. For example, if cylinder responses are 
desired for a 3 of 0.75 and kg/^l successive pairs of values 

would be chosen from among the F group of cases, namely, 1, 5, 12, 22, and 
32 (see table VIl)j the amplitude and phase shift for the Ja 2 value 

0.084394 would be selected from the case 1 results (see table X), the am- 
plitude and phase shift for the Jag value 0.047458 from the case 5 re- 
sults, etc. 

All of the calculated results were grouped in this manner to facili- 
tate plotting. Although the sole variable of the principal curves is 
frequency, it is possible to select other variables or combinations of 
variables in such a way that the curves may be Interpreted as representing 
the effects of variations of such single variables or combinations. Ex- 
plicitly, either <d, p, Cp, oqp, oocp, or cDpCp may be considered to be 

the sole variable of these presentations. 

When the different amplitude curves of a single part of figure 8 are 
con^iared, it shotild' be noted that 2 ^ constant along a ver- 
tical (constant g) crossing successive curves. The 

scale vsilues increase by a factor of ICp-A as each successive curve is 
reached (proceeding from top to bottom). The secondary curves of figiire 
8 bring out these g changes more clearly and enable easy inter- 

comparison of amplitudes for different primary curves. Their signifi- 
cance will be discussed subsequently. 
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In these plots, the curves were drawn for values of cdt. 


< 0.1 


int,2 

and > 10 by extrapolatlonj curve values lying outside of the range 
~0.07 < 2 <~15 should not be considered to be quantitatively 

correct even though considerable care was exercised in the fairing proc- 
ess. Curve values within the ^DT^t,2 mentioned are generally 


correct to within il percent. .On the other hand, values for 

lying outside of the range in question may be as much as 10 percent in 
error in isolated cases, though these large errors are Ir^irobable and 
will be reached (if at all) only at <J^int,2 values of about 0.025 at 


one end of the scale and of 40 at the other end. In general, values 
within the ranges 0.025 — ‘®'^lnt,2 —0-07 and 15 
probably correct to within 4 percent. 


At high oJ^ext 2 values (fig. 10), Tig values for various hg/h-j^ 

ratios tend to coincide or even "cross over." For example, the 
Bi = 0.450 amplitudes exhibit this behavior j at smaller Bi numbers 
the tendency is less marked, although still present (for example, the 
Bi = 0.00450 anrplltude curves). 


The Improvement in response exhibited in figure 10 in going from a 
0.25 relative thickness shell (p = 0.75) to a 0.1 shell (p = 0.90) is 
very marked at all Biot numbers at ®Vext,2 values that are in each 

case high enovigh to ensure substantial improvement of response for the 
change from the conventional wire to the laminated structure. The 
p = 0.90, Bi = 0.450 curves depart markedly from the first-order curve 
at an g value of about 7, and the p = 0.75, Bi = 450 an 5 )lit-udeB 

axe significantly lower at that point. Similarly, while the P = 0.90 
and p = 0.75 curves for Bi = 0.00450 overlap extensively at an 
(jDText 2 (where, at kg/k^ less than 80., little gain is 

available), the p = 0.90 curves are all substantially above the 
P = 0.75 cTirves at oiv^^^g values of 700 and beyond. 

The significance of the secondary curves (running from lower left to 
upper right) of figure 8 is now discussed. Consider, for example, in fig- 
ure 8(a), the third curve from the bottom. This curve intersects the prin- 
cipal curves at points such that (^±xxt,Z changes by successive factors 

of lo^A, as does Big- At the same time, <^oxtj2 fixed and 

(or Jag) changes by successive factors of 10^/®. The only physical vari- 
able contained in 2 s- factor of ®^ext,2 ^2* 

cordingly, these secondaiy curves display the change of i^g with the 

thermal conductivity level of the entire laminated cylinder and it is clear 
that k]_ must change proportionally so as to maintain constancy of the 

ratio kg/k]_. 
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In particular^ the curves, rising toward the right, display the in- 
crease of TI2 with decreasing and kg at high and moderate values 

of thUgyj. 2 (for example, the curves at low and intermediate rig values 
of the D group, figure 8(d)) as well as the tendency for T]g to reach 


a TnaxlTnum at moderate cdt. 


int,2 


values and low CUX 


ext, 2 


values, the maxi- 


mum being followed by a- falling off of 'T]g at higher g values. 

For exan^jle, the g = 1.78 secondary curve of the D group reaches 

a maximum of 0.82 at about an of 3 while t^g veilues at 


higher and lower 


values are lower. This characteristic of the 


■'int,2 

secondary curves (attainment of a maximum) is more pronounced in the case 
of the p = 0.75 gro\q)S, as is evident upon comparison of the figure 
8(d) and figure 8(a) secondary curves. No satisfactory explanation of 
this phenomenon is available. 


Finally, it should be noted that the successive combinations of 
Jag, Big, g, and (fixed) t*^ext,2 secondary an5>litude 

c-urves lie along a diagonal of table IX mnning from the lower right to 
upper left, the case numbers changing appropriately. 


Other ways in which these results may be used are now considered. 

The successive table IX modulus combinations that are encountered during 
excursions parallel to the two principal diago nal , directions and in a 
vertical (columnar) direction have been previously discussed. Such ex- 
cursions - with appropriate case number changes - were found to yield 
increasing frequency (or p, Cp, cjop, o>Cp, or cDpCp) data, ther ma l con- 
ductivity data, and heat-transfer data for ascending-to-the-upper-right 
diagonal excursions, descending-to-the-lower-rl^t diagonal excursions, and 
top-to-bottom columnar excursions, respectively. These are exemplified 
within table IX by the sets of entries identified in the footnotes. It 
should now be noted that Jag is Independent of rjj, and a consideration 
of the changes of g and chCgjj^^g along a row of table IX leads to 

the concltislon that, at a fixed Jag value in the correct sequence of 
case n\imbers, successive increases of r-p by factors of lO^A cause 
changes of those modTili and of Big corresponding to successive entries 
in any row (proceeding toward the right). At each step, in- 
creases by 101/2, 2 increases by and BI2 increases by 

lo^A. As an example (table Xl), i]g for p = 0.90, kg/kj^ = 40, 


“^int,2 


0.1, on:g2cfc,2 " " 0.004746 is 0.022456, while 


for the same p, kg/kj, and 
cOText 2 = ^ 0.017124. 
and 0.0080103. 


Jag but for = 0.3162 and 

The respective Blot numbers are 0.0045045 


^2 


2922 



2922 


MCA TN 3514 


29 


Extension of Calculations to Lower and Highier Frequencies 

If desired, the approximate treatment presented in appendix D may 
be used to extend the plots of figixres 8 and 9 to low values of 

The calculations of this kind made to date are considered insufficient 
to warrant inclusion in the present report. 

At very high ayr.;^.^ values, the core is virtually decoupled, so 

that the so-called "exact" hollow-shell theory of appendix F is appli- 
cable. While that theory is not actually exact in this case, the errors 
would be small. 


EDMERICAL EXAMPLES AHD DISCUSSION 
General Considerations 

Two kinds of "n\imerical exetniples" will be presented in this section. 
First, numerical val\ies of an^ilitude and phase shift at isolated pairs 
of oyT-trit ,2 oyZext,2 are given in table XI for certain seta 

of cylinders having a common outer radius. The cylinders considered are; 
A homogeneous metallic wire (p = O), laminated cyl in ders (p = 0.90) for 
^2 Ai ~ and 40, and an oxide cylinder (p = l.OO). In the case of the 

oxide cylinder, the thermal conductivity is also assumed to be either 
one-fifth or one-fortieth of the conductivity of the metallic homogeneous 
cylinders. The same metal is assumed to be used in both the homogeneous 
and laminated cylinders. Second, numerical restilts for large ranges of 
oiText 2 given for three hypothetical laminated wires of a specified 

size and exposed to a specified air flow. 


Selected Sets of Generalized Results 

The first set of results, already published in large part in ref- 
erence 15, is exhibited as table XI which, for ease of reproduction, has 
been split into two parts (with some overlapping). It is emphasized that 
these excerpted sets constitute merely a small portion of the resiilts 
presented in table X. In the first part, the valxies of the parameters 
k 2 /ki, ®yrint,2^ °^^b given. The latter 

four parameters apply, as a group, only in the laminated- cylinder situa- 
tion, and then only for p = 0.90. In the homogeneous-metallic- cylinder 
situation, no second material is present, so that has no meaning 

(since r^^ = 0)j in that case, only ctgri, has significance. In the 

zero-thickness shell case, that is, the situation involving the surface 
ten^jerature an 5 )lltude and phase when a surface-coated oxide cylinder 
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replaces the metallic cylinder, the applicable parameter is in 

effect, the Product for the (entire) metallic cylinder has been 

replaced by the product of the oxide cylinder. 

In, any given row of the table, the following may be considered to 
be fixed; rjj, cd, h^, and the ratio of metal to oxide (if any) thermal 

conductivity. From row to row r^, to, and li^ are of course free to 

change in any manner as long as the resulting nondimens ional parameters 
have the values listed. 

The significant facts brought out in table XI are the following; 

(1) For small and. moderately leirge values of toTH-nt. at large ojText 
values, the exact and "first-order" solutions for the homogeneous- 
cylinder situation are nearly identical, so that, for such 

combinations, it is sufficiently accurate to compare the laminated- 
cylinder or thin- layer coated oxide- cylinder solutions with first-order 
solutions . 

(2) p = 0.90 amplitudes and phase shifts are distinctly inferior to 

those of the p = 1 (thin- layer) oxide cylinders. Whereas all-oxide 
cylinders are capable of indefinitely large gains, p = 0.90 cylinders are 
inherently incapable of gains greater than about 5. For example, in the 
last line of table XI the amplitude gain in going from a metallic cylin- 
der to a p = 0.90 cylinder of '^ 21 ^ 1 . = ^0 is 3.8+, whereas the gain 

for the P = 1 case is 9.6+. 

That this limitation must be present follows from the consideration 
that the ratio of metallic cross section to total cross section (in the 

2 2 

rb - Xa 2 

case of the p = 0.90 laminated structure) is just s — = 1-P =0.19. 

^b 

The first-order response of a hypothetical hollow metallic shell of the 
same dimensions woxild thas be 5.23 times as great as the first-order re- 
sponse of the original metal .lie cylinder (or, for that matter, of the 

laminated cylinder when PiCp^j_ = P2^,2^* Since the response of the 

laminated cylinder is never quite as good as that of such a hollow shell, 
a p =0.90 structure cannot have a gain greater than about 5. 

The exact expression for the anrplittide at very large VEilues 

may easily be deduced from the definitions of ^I,b* 

lim (#1 , ^ 4 ( 4 / 4 )^^^ 

Jag -*• 0 ^ 
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Using, for example, equation (E15), It follows then that as Jag ap- 
proaches zero. 


^l2,M 


2Jag 


(R^ - pR^)2 + (Im^ - Phn^)2 

1^(1 - p2)(R.2 im. 2)1/2 


(31) 


A group of the factors on the right may "be expressed as follows: 


2«Jac 


Shjpag 


i^(l - 2^(1 - P^) oikg 


- J^ext,2)(^ " 


-1 


= (^ext,2,a-b)"^ (32) 

(This sho\ild be compared with equation (24).) 

In equation (32), '^ext,2 equals (rbP2^p,2 this is, of course, 
the external time constant of a homogeneous cylinder consisting entirely 
of material 2 (or material 1 if Pi^p = pgCp 3 )* time constant of 

a homogeneous cylinder consisting entirely of material 2 but of radius 
rg^ wo\ild be (r^PgCp 2)/2hf. The external time constant of the shell 

would be obtained by using the theimal capacity of the shell alone, and 
this time constant is 


'^ext,2,a-b = [P2'r^2('^b " ^)]/2^b^ = [p2'^,2^b(l - p2)]/2hp 
It follows that 



1 h 

^ ^ext,2,a-b 


PR;)2 + (3jE^ - pim;)' 


1/2 


(R^^ + hn^^) 


■ 2 ^ 1/2 


(33) 


It will be noted that PR^/r^ and pim^/lm^ will be rather small 

when there is little heat exchange between core and shell - which will 
be particularly true at high kg/^l ratios. Indeed, if (R-^ - PR^) -* R-^ 
and Im^ - Plnig Imp, then the above relation reduces simply to 
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(34) 


whlcli is wliat -woiild be expected at Mgb gyr^y^ values 

Values of the factor |[(R^ - ^R^)2 + ^2 = ^-1 

are given in table XII and represent the extent to which core- shell 
coupling persists in each case. IJote, however, that the asymptotic con- 
dition always represents an inprovement over the simple- cylinder 
situation. 


Lim 


J&2 -*• 0 , 




^2,M “ ^“^ext,2,a-b^ 


-1 


Results for Actual Situations and Discussion 

The second "numerical example" concerns three platinum - fused-guartz 
wires of different size - specifically, O.CXX)4 (wire A), 0.002 (wire B), 
and 0.010 (wire C) inrh in diameter. The 0.0004- inch-diameter wire is 
typical of hot-wire anemometryj no significantly smaller drawn wire is 
commercially available, A somewhat smaller etched tungsten or Wollaston- 
process noble-metal wire is, however, available. The numerical example 
given here may be used to determine the advantage (if any) of a larger 
laminated wire over homogeneous wires of this (0,0004 in,) diameter or 
smaller. The largest wire (0,010 in. diam) is representative of most 
thermocouples xised, for example, in jet engine studies. Wire B (inter- 
mediate size, 0.002 in.) was selected as a compromise wire for compari- 
son purposes. 

The thermal conductivities of platinum and fused qiiartz vary in such 
a manner with temperat\ire that a temperature can be found (in the vicinity 
of 350° C) at which the ratio ^3/^1 ^ precisely 40. It is not, how- 

ever, necessary that this exact temperature be known, since the response 
of a hypothetical laminated structure of these materials does not vary 
radically with slight departures of the ratio from an assumed nominal 
number (such as 40 ), Accordingly, it is assumed that each of the lami- 
nated wires A, B, and C consists of a core of fused quartz covered by a 
concentric shell of platin\im, the value of P being 0.90 (thickness 
0.1 r^). At the operating temperature, the volumetric specific heat pCp 

of each material will be about 0.60 cal cm"^ °C"^, and the thermal dlf- 
fusivlty of platinum may be taken as 0.29 cm2 sec”^ at the operating 
temperature with little error (0.293 was actually used in the original 
calculations ) . 

Air-flow conditions are assumed to be the following: Mach number, 

0.5; static pressure, 1 atmosphere; total temperature, 500° R. 
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Orthogonal incidence is assumed. Calculation of '’•ext ^ facilitated 

hy the use of a nomograph (fig. 17 of ref. 16) for the calculation of 
such time constants. The nomograph is most easily used in this instance 
hy obtaining the time constant of a wire of a particular diameter 
then using the fact that the time constant varies as the 1.5 power of the 
diameter when all other variables remain fixed. From the nomograph, a 
constant of 0.040 second is obtained for a 0.006- inch-diameter wire. It 
follows that '^ext wire A is 688 microseconds, for wire B is 7.70 

milliseconds, and for wire C is 86.1 milliseconds. (The external time 
constant of a platinum 0.0002-inch wire, -used later in comparisons, is 
243 microseconds under the assumed conditions.) 

The several time constants and Biot numbers are exhibited in the 
following list: 


Wire 

Size^ 

in. 

External. 

time 

constant, 

”^ext,2^ 

sec 

External 

cut-off 

frequency 

where 

“^ext,2=l^ 

cps 

Internal 

time 

constant, 

'^int,2^ 

External 

cut-off 

frequency 

where 

“^int,2 = 
cps 

Biot 

number. 

Big 

External- 
internal 
time con- 
stant ratio, 
T^ext, 2/'^^nt,2 

(a) 

- 

0.0002 

243x10-0 

655 




— 

A 

.0004 

688x10"® 

231.3 

0.0978x10“® 

1, 627,000 

0.000640 

7030 

B 

.0020 

7.70X10“^ 

20.67 

2.444X1Q-® 

65,100 

.00143 

3150 

C 

.010 

86.1x10-2 

1.848 

61.1x10"® 

2,605 

.00320 

1409 


= 1/0-222 Bl. 

The frequencies corresponding to the oc^int, 2 VBlues 0.01, 0.0316228, 
0.1, etc., are then easily calculated. The frequencies are given in the 
following table: 
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Frequencies at uiiich ■wire response is less than about 0.0003 are not 
given, since these lack practical significance. 


The cxnrves of figure 11 exhibit the variation -with frequency of the 
response of the three kinds of wires, namely, laminated cylinders of 
diameters A, B, and Cj homogeneous metallic (platinum) cylinders of the 
same respective diameters; and fused-quartz cylinders of the same respec- 
tive diameters having infinitesimal surface metallic layers . 

The homogeneoias- cylinder results are not exact, but are "first 
order"; these are not seriously in error at any oox^ - (JJ^ext value 

combination for which these resTilts have been computed. 

The oxide-surface results are taken from unpublished computations 
made at the Iiewls laboratory which are known to be correct to five sig- 
nificant figures. 

The construction of these curves is of some interest: The Blot 

number of wire B corresponds closely with one of the values of the origi- 
nal conqputations • Therefore, in the case of the l amin ated wire B, it 
was necessary merely to slide the (translucent) sheet of graph paper 
(fig. 11 ) over the proper original set of amplitude curves (fig. 8) and 
so to line up the two sheets that the vertical lines representing fre- 
quencies of the abscissa scale of the figure 11 sheet fell on top of the 
corresponding ' values of the original curves and that the amplitude 

scales were alined- 


Ih the case of the oxide-surface amplitudes of wire B, computed 
points were available which also correspond closely to the Biot number 
of that wire. The first-order points were of course obtained in an 

elementary fashion from the function 
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la the case of wires A and C, interpolation procedures were required 
which are described in appendix G. 

The several curves of figure 11 are of interest from a number of 
viei^Tpoints . For example, it would not ordinarily he thou^t feasible to 
use a 0.01 wire at frequencies as high as 10,000 cps, yet the relative 
response of the O.Ol- inch- laminated cylinder for the case P = 1 is 
about 0.0035 - small, but well within coD 5 )ensable limits (that is, the 
signal-to- noise ratio will in general be usably high). Mile a "surface" 
layer is very nearly realizable in the case of .a 0.01 wire, the p = 0.90 
and 0.75 ciihves clearly indicate the penalty involved if the layer rela- 
tive thickness is for some reason permitted to be substantial. 

A comparison of the response of the 0.0002- inch- conventional wire, 
the response of the 0.0004- inch-laminated cylinder for a p of 0.90, and 
the response of the 0.002- inch-surface- coated- oxide cylinder (p = l) 
reveals that these responses are roughly the same in the vicinity of 700 
kilocycles per second. The 700-kilocycle-per-second region is of special 
interest in the case of these particular response curves for two reasons: 
First, at frequencies greater than 700 kilocycles per second these re- 
sponses drop below the level (O.OOl) at which the noise-to-slgnal ratio 
is often high enough to cause prohibitive difficulties in the evaluation 
of output waveformsj and second, it is currently considered desirable to 

extend hot-wire response to the 10 cps area in supersonic work. It 

therefore follows that the goal of 10^ cps xaseful response can be ap- 
proached by using an extremely thin coating on "wires" of sizes greater 
than 0.001 inch. 

Ribbons of 0.00006- inch thickness have act ual 1 y been rolled from 
platinum- rhodium and pint Inum- Iridium wires of about 0.D0O44-inch diame- 
ter by a manufacturer specializing in fine-wire drawing. These ribbons, 
when wound in the form of an open helix on a 0.002- inch core (for 
example), yield a P value of about 0.94, so that the actual response 
realized by using such ribbons will be intermediate between those of the 
P = 0.90 and p = 1- situations. A ribbon thickness of 0.00006 inch 
does not represent the lower limit attainable by the use of known wire- 
flattening techniques, so that further improvement is still possible in 
that direction. 

It is pertinent here to remark that as h^-+-0 or od->«>, the sxcr- 

face response of a cylinder approaches (and, in fact, becomes for all 
practical purposes at moderate frequencies in the case of an oxide 
cylinder) the parameter Ja itself (which is, of course, independent of 
r^). That this is true is easily shown; First, it is cleeir that as 

Ja approaches zero, the surface amplitude is given by the following: 
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Ja -► 0 


> 


(ber'2^ + 


Second, it stiould be noted (ref. 17, pp. 333-335, e.g.) that both 

approach the same fiinc- 


tion as . oj 

7)j^, therefore, does approach 

angle is 45°, Tihich is obtained in a similar manner by noting that as 
the argument increases 


approaches «> . The above expression for 
Ja. The corresponding asymptotic phase 


ber^(x) 


(ber^Cx) - bei^Cx)) 


and 


beij^(x) 


(ber^Cx) +beiQ(x))Q 


It is vezy interesting, in this connection, that the corresponding 
asyn 5 )totic relations for the slab are identical, as, of course, they must 
be of necessity. (They are not derived here, but may be easily obtained 
from, e.g., material in ref. 11 or eqs. (6a) or (6b) of ref. 10.) An 
inspection of the three stirface curves will indicate that to the right 
of the point of departure of each surface curve from the corresponding 
first-order response curve each s\trface "curve” becomes a straight line. 
The ordinates of an points lying along each such straight line can be 
rather accurately established by using the simple relation given above 
(t]^ M “ provided the Jahob number is computed for the oxide (that is, 

by using the thermal conductivity of the oxide: Jaj = 

The ratio of surface (p — l) response to first-order response in- 
creases indefinitely with frequency. Inasmuch as the surface response 
falls off at the rate of 3 decibels per octave (that is, by a factor of 
h/z[z for each doubling of freqviency), whereas the first-order response 
falls off at 6 decibels per octave, the relative gain of the oxide sur- 
face hybrid "wire" Increases at the rate of 3 decibels per octave. The 
actual ratio depends upon the numerical values of the parameters of a 
particular situation in the following manner; 


Asyrg)totlc surface response 
Asymptotic first-order response 


= (Jai) (01X32^,2) 
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This response ratio may also he expressed as 



It shotild he noted that the asyn^jtotiC' surface responses of these 
wires of different size are different because the respective heat-transfer 
coefficients are different. In particular_, inasmuch as Jaj varies dl- 

CO 

M rectly with h^, and h^ varies with a power of wire diameter lying be- 

tween -0.5 and -0.2 for the Reynolds number (based on wire diameter) 
regime in question (0 to about 5000), the surface response will increase 
with decreasing wire diameter. All other variables are assumed fixed. 

It is felt that cong)arisons of this kind, based as they are on some fixed 
air flow, are much more meaningful than con^arisons which would Involve 
an assunq)tion of constemcy of h|«. In general, then, even if a zero- 

thickness metallic layer is assumed approachable at all wire sizes, it 
still is desirable to minimize wire diameter from the frequency-response 
standpoint. This conclusion holds, of coiirse, for coatings not approach- 
ing zero in relative thickness - for example, whenever an actual ribbon 
of fixed thickness is available. The same 0.00006- inch ribbon, when 
combined with a core of 0.00188-inch diameter, will yield a p. ratio of 
0.94 at an over- all diameter of 0.002 inchj when combined with a core of 
0.00028-inch diameter, the 0.00006- inch ribbon will yield a p ratio of 
0.70 at an over-all diameter of 0.0004 inch. (Incidentally, the ribbon 
will be much more difficult to wind at the 0.0004- in. size, but the 
winding can be effected if the ribbon is electrically heated during the 
winding process.) 

Under such conditions, the response of the 0.002- inch- laminated wire 
(at a P of 0.94) will be markedly inferior to that of the 0.0004- inch- 
laminated wire (at a P of 0.70) tip to frequencies of the order of 100 
kilocycles per second. At this frequency, however, the response ratio 
has dropped to about two-to-one (~0.003 as conpared with ~0.0015). At 
still higher frequencies, there is little difference between their re- 
sponses, so that for work involving frequencies above 100 kilocycles per 
second, the much stronger 0.002-inch (or possibly 0.0015 in.) wire mi^t 
well be employed. 

The homogeneous (metallic) cylinder points, although calculated, 
were not plotted because, in general, they are not significantly less 
than the coiresponding first-order points on log-log plots covering the 
wire sizes and frequencies of present interest in thermocouple or hot- 
wire anemometer research. As a typical ex a mp le, the first-order a n d 
"exact" (homogeneo\is-cylinder-of -finite-conductivity) amplitudes, at a 
frequency of 65,100 cps for the 0,002- inch wire, are 0.000317 and 
0.000316, respectively. 
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COECLUSIOKS AHD SUMMARY OF RESULTS 

This report is chiefly concerned with the responses of infinitely 
long, circular cylinders to sinusoidal changes of environmental effective 
temperature. Both homogeneous cylinders and laminated structures are 
considered. Local and mean instantaneous relative ten^erature ang)lltudes 
and phases are determined and presented. The analytical and numerical 
results are applicable to situations in which the heat-transfer coeffi- 
cient alone is changing provided the changes are small and to situations 
in which both teng)erature and small heat-transfer coefficient changes are 
occurring simultaneously. 

Analytical and numerical results concerning homogeneous cylinders, 
as previously given in the literature, are extended and organized on the 
basis of two time constants. In particular, a relation yielding the 
space-mean value of the instantaneous temperature of a homogeneous cyl- 
inder has been obtained. The two time constants are the conventional 
time constant, herein designated the "external" time constant, of a hot- 
wire anemometer or theirmocouple, sud a so-called "internal" time constant. 
The latter is the time required for the mean cylinder temperature to 

change by 1 - e“^ of the total change after a sudden change of cylinder 
surface temperattire to some new value. 

Interrelations among these time constants, certain additional pa- 
rameters now in use, and the parameters tised in earlier work are given. 

The conclusion is reached that the deviation of the behavior of 
ordinary (metallic) i^rlres from that usually assTmoed in conventional 
("first-order") analyses is negligible for most engineering purposes. 

The behavior of a homogeneous cylinder of low-thermal conductivity 
covered by sin electrically sensitive layer of negligible thickness is 
considered. It is concluded that the response, in the sense of ratio of 
ten^erature oscillation simplitude within the very thi n surface layer to 
external tengierature oscillation amplitude, is better than that of a 
homogeneous metallic cylinder by a factor which is of the order of ten 
under many conditions, but which may be substantially higher. 

.A treatment of the general case of the two-material lam in ated cyl- 
inder (finite shell thickness) is then given. The a n alytical solution 
is obtained n-nfl is used primarily to check extensive generalized numeri- 
cal results obtained by the method of numerical integration. 

The behavior of laminated cylinders consisting of a core of low- 
thermal conductivity and a surrounding concentric shell of electrically 
sensitive material in perfect thermal contact with the core is investi- 
gated numerically and presented graphically for all combinations of 
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the following variables; ratio of thermal conductivity of shell to that 
of core: 5, 10, 20, 40, and 80; ratio of shell thickness to over-all 

radius: 0.75 and 0.90; 19 different values of the nondimens lonal heat- 

transfer coefficient (designated the Jakob number); product of angular 
frequency and internal time constant; 0.10, 0.316228, 1.0, 3.16228, 
and 10.0. 

Q^yplcal response gains for a relatiye shell thickness of 0.1 (of 
pver-al 1 raidius) are of the order of 4.5; these gains are not generaJ.I y 
manifested until the response of the laminated cylinder drops below the 
0.01 level. Gains for the 0.25 shell thickness situation are markedly 
lower; response is critically dependent on shell thickness. In general, 
significant in^rovement in response is affected by a change from a shell 
relative thickness of 0.1 to 0.05. 

Dependency of laminated- cylinder response upon the ratio of shell 
thermal conductivity to core thermal conductivity is strong but not 
critical. While the l^ger gains are not achieved imtil conductivity 
ratios of the order of 15 are reached, the iEoprovement beyond that ratio 
is significant but not substantial. In general, a conductivity ratio of 
at least 20 will ensure gains of the order of those cited above. 

The responses of 0.0004-, 0.002-, and 0.010- inch- diameter homogeneous 
and laminated wires of platinum and/or fused quartz exposed to a typical 
air stream are considered in some detail. 

It is concluded that while conventional anplifying equipment by no 
means exhausts the intelligence-conveying capabilities of ordinary wires 
(particularly those of less than 0.0004- inch diameter), the use of lami- 
nated stmctures should make possible 670,000 cps response at wire sizes 
of the order of 0.002 inch and 10,000 cps response at wire sizes of the 
order of 0.01 inch. In particular, responses of these wires at the 
respective mentioned frequencies are about 0.001, which is, roughly, the 
limit of compensable response. 

In general, it is concluded that development of laminated structures 
characterized by very thin relative shell thicknesses and moderately 
large ratios of shell thermal conductivity to core conductivity will 
improve the frequency-response capabilities of hot-wire anemometers and 
exposed- wire resistance thermometers and thermocouples by about an order 
of magnitude. 

Finally, a sinple, approximate theory of the laminated structure is 
given which assumes that the shell temperature is uniform, and the exact 
theory of the hollow shell which the laminated structure closely approaches 
at high frequencies is given. 


Lewis Flight Propulsion Laboratory 

National Advisory Committee for Aeronautics 
Cleveland, Ohio, May 25, 1955 
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APPENDIX A 


SYMBOLS 

The folio-wing symbo]^ are used in. this report: 

j j when aB 8 im 5 )tion is made that PpCp^l = P2%,2f 


Bi 


herp, 

help 


w* r<*- 


Cr 


■R 


has special 


fcL^Y _ 

^l) ^ 

thennal diffusivity of cylinder material 2 
meaning i^i/p2^,2) ^ 

coefficient of series of eq. (4) 

Biot number, h^r^k (note: k in this case must he conductivity 

of cylinder material) 

Bessel-Kelvin functions of order p defined hy relation 
Jp(xi^/2) = herp(x) + i heip(x) (Note: The notation 

herp^a, = etc., is occasionally used) 


‘•p'^-^a 


initially undetermined conrplex constant, see appendix B 
dimensionless constants, see eq. (C12) 

specific heat at constant pressure 
temperature coefficient of resistivity 

imaginary part of Bessel function of second kind of zero order 
of argument xi^/^ 

real part of Bessel function of second kl nd of zero ordqr of 
argument xi3/2 


Fo 

Fourier 

number, a*/cDr^ 

FOj_ 

a^/onl 

(note Foj^ 2 special meaning a* g/flcir^) 

Fog 

a|/cur^ 
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Fo 


•M- 


•"R 

h* 

Ip 

Im 

i 

Ip 

Ja 

Jai 

Ja^ 

Ja* 

k 

keroj 

kein 


2nFo; equivalent to atQ/R^ of Grober's notation 

imaginary part of Jo(xi^/^) ; equivalent to beiQ in this 
report 

real part of equivalent to berQ in this report 

ratio of heat-transfer coefficient h^ to thermal conductivity 
k]_ or k .2 

heat-transfer coefficient 
Jp(xl) 

real coefficient of i in imaginary part of particular con^lex 
function 

^1 ■ 

Bessel function of order p of first 
Jakob number, hf/(oikpCp)l/^ 

hf/(cnkiP3_Cp^3_)l/2 

hf/ (tuk2P2Cp^2) 

Ja; equivalent to h^atQ of Grober's notation 
thermal conductivity 

-(V2)(yerQ + beiQ) and (jt/2)(berQ - yeiQ), respectively 


1 

aj^r 

T'e. . 


^b 

°a^a 


agr 


^a 



^b 

“2^b 


jth , 


root of Jo(mj) t= 0 
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NUf 

P 

<1 

R 

r 

s 

T 

t 

x.x^ 


yerp, 

yeip 


a 

P 

r 

I* 

r 

6 


Russelt number, 2r, h^/k^ 

b r' r 

number whose real part is positive and great enough to ensure 
convergence of a transform integral (see appendix b) 

p/a* where p is used in sense of appendix B 

real part of particular con 5 >lex function 

radial coordinate 

constant (in statement of Inversion Theorem of Laplace Transfor- 
mation) which replaces p in appendix B 

temperature 

variable part of temperature 
arbitrary variables 

Bessel function of order p of second kind; see appendix C 

real emd imaginary parts, respectively, of 

arbitrary complex independent variable; (see appendix G for 
special meaning) 


/\/a)/a* 


^a/^b 


(k2/ki)(aJ/aJ)V2. 

identical with F* when p]_Cp == P2^ i 

(k2/ki)V2 


Euler’s constant, 0.5772 . 
phase angle 




[(B^ - PR;)" + 


.^2 


1/2 
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T] varying part of local instantaneous temperature relative to 

half -amplitude of varying part of effective environmental 
instantaneous ten 5 )erature, '*^/'^e,M 


e 

time 

X 

constant defined hy eq- (6) hut taken as 0.111 in this report 

p- 

attenuation^ dh 

K 

(l-p2)/2FoJ;/| 

p 

density 

T 

time constant 

"’'ext 

period required for cylinder to attain l-e“^ of the final 
change of temperature -when the environmental temperature 
is suddenly changed; identical vith conventional time con- 
stant of thermocouple pyrometry; see eq. (3) for case of 
hot -"wire anemometer 

"^ext^l 

(“^hPl^,l)/2bf 

"^ext^2 

(“^hP2°p,2)/2^f 

^ext,2,a-h 


'^int 

period for area-averaged cylinder temperature to change hy 
l_e-l of the final change when surface temperature is 
suddenly altered 

\nt,l 

oiXrJ/aJ 

'^nt,2 

CDXrg/a| 

% 

heig + Ja"^ 


herQ + Ja“^ 

<P 

phase shift (lag) 


Initially undetermined function of radial coordinate satis- 
fying Bessel eq. for region indicated hy subscript 
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0 ) angular freq^uency, 2jt times freq^uency 

Subscripts: 

a interface 

av toaporal mean 

ax axi.a.1 

a-b region included between interface and outer surface 

b outer surface 

C in-phase conponent 

e effective 

ext external 

w 

f filmj see^ however^ symbols h and hj^ 

I imaginary part or, with 4', real function of beiQ and bei^ 

i arbitrary integer 

int internal 

j one of a series 

M TnpxiTniTm 

p order of Bessel function 

R real part or, with #, real function of berQ and ber^!) 

S out-of -phase component 

w wire 

0 initial 

1 oxide 

2 metal 
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Superscripts: 

mean -with respect to radius 
* defined only as combined witb symbol 

~ Laplace transform 

' differentiation with respect to or 


Bi = JaFo 
Fo = Ja^Bi"^ = - 


CYLINDER HEAI-OZRANSFER NONDIMENSIONAL MODUII 
■0.5 . ^^b „ M!?f '^int 


k 

^ k 




2 = “ (“^ b ) 


-2 


a (ox^,) Ja 
_ X 


Ja = BiFo 


0.5 ^ /# 


k 'V03 


( ookpcp ) 


0.5 


2Bi^'^ext ^Int 
~Bi (“'’int)*^'^ 


2cot , „>0.5 

ext 2X ojv 


OTb = 

Fo“°‘S a BiJa"l = 

A/2Blcirrg^ = X'^' 

“^ext = 

k 

cokTb cor^pc^ 


k^Nu^o ^ a<%;^u^ 

2a*h^ 2h^ 

1 

COT. , = 

int 

^ P coXr^pc^ coXt:? 

Fo " ^ 2XB1 cot^ 

“'^ext _ 

1 4.50450’^ 



^'^nt 

2XB1 Bi 



II 

o 

P=< 

2rt Fo 



Ja* = 

Ja 




ext 
0.5 


2XBi 
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APHEHDIX B 


H0M0GEME0U5-CYLIHDER RELATIONS 

Although Groher (ref. 10 ) obtained the correct relations for the 
local temperature In a homogeneous cylinder, the validity of his deriva- 
tion is at least open to question. The derivation given in reference 4 
(Carslaw and Jaeger, p. 276) is therefore presented; this solution is 
given herein in a more explicit form than in reference 4. The sinusoidal 
temperature "drive" with phase advance e of that reference is retained. 


Q?he equation of heat flow may he written: 

S^t ^ 1 St 1 St 
^^2 r Sr ~ a* S© ** 


(Bl) 


When the Laplace transformation is applied, the result of which will 
he Indicated hy a tilde (~) over a symbol, the equation becomes the fol- 
lowing if the initial toi^jerature is everywhere zero: 



+ i |£ . 

r dr ^ 


(B2) 


where q^ = p/a* and it is understood that p is a number whose real 
part is positive and great enough to make the transform integrals 
convergent . 


The boundary condition becomes 


^ 4 h^? » h\ 

Vdr /r=r, e 


(B3) 


then 


Now, if tg >= tg^j^sln(a30 + as is assumed by Carslaw and Jaeger, 



■^e,M 


/o) cos s + p tan e 

V p2 + co2 


(B4) 


which is easily obtainable from the elementary transforms for sines and 
cosines, or from a table. 

Since a solution of equation (B2) is 

t = ClQ(qr) 


(B5) 
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wliere C is an undetermined constant and Iq is the solution of the 
zero order of the first kind of the modified Bessel ecLuation, the follow- 
ing may he obtained from eq^uations (B3), (B4)^ and (B5) ; 


P e.M / oD cos 6 + P sin s 

* |^q.I^(qr^) + h'^I^Cgr^)^ \ + a? 

(Use was made of the fact that dt/dr = Gql^^Cgr) . ) 

It follows that equations (B5) and (B6) that 

j oi cos £ + p sin e 


(B6) 


(B7) 


The Inversion Theorem of the Laplace Transformation states that 

e®®t (s)ds 


2iti 


\J 


r-i‘ 


where s, in general complex^ here replaces p in q and y 
eirhitrary constant; q (now) is equal to Y s/a.^. 


is an 


The evaluation of this integral in terms of the residues of e®®t(s), 
insofar as the nontransient terms of the solution axe concerned, is very 
sin 5 >le. The two zeros of the denominator at which the nontransient 


residues must he evaluated are 

0 . 


s^ + CD^ 


s^ =* l£]> and Sg 
If the theorem is used that a residue 


=» -l£ 0 , so that 


Kj equals the quo- 
tient (at the pole j) of a nonzero numerator of a complex fraction and 
the value of the derivative (here, 2s) of the denominator (here, s^ + cu^) , 
then, if is the residue corresponding to s-j^, the following is 

obtained; 


Kj_ » e 









(o3 COS 6 + l£D sin e) 


2icn 


/to 




or 






2i 




(B8) 
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The steady-state portion of the solution is then given hy 

t = (Ki + K 2 ) = + Kg (B9) 

where is the conjugate of K-j^ the residue at the pole sg • 

The equivalents 


a 




Ja 


-1 ki a 
" h"“ h^ 


lQ(ari^^^) a herQ(or) + i heiQ(ctx) « jQ(ard^'^^) 
Ij^CoriVS) « i-lj3^(ctriV2) 

= -ij^her-j^(ctr) + Ihei-j^(or)^ 

« hei-j^(ctr) - iher-]_(ar) 


(BIO) 

(Bll) 

(B12) 


(B13) 


are noted, in which Ij is the solution of j^^ order of the first kind of 
the modified Bessel equation. 

Equation (B9) then Become s, putting 1 = or and « ctr-jj. 




her^(j) + ihei^(j) e^^“® 


|2i[il/2 Ja-l(hei^U^) + her^U^)j+ her^U^) + itei^U^)] 

+ conjugate of || (B14) 

In the conjugate of the expression | the expressions 
herQ(j) - iheiQ(Z) and heij^(l) + iheT]^(j) appear. They are, respec- 
tively, equivalent to Iq(J 1^/^) and Il(U5/2) . 

After a number of elementary operations, equation (B14) reduces to 


T ] = 



+ hei2(Z)]l/2 

, \l/2 


sin 


0)0 + 6 - tan 


-1 


'^iteroU) - Bei^Cl) 
^ heio(2) 


(B15) 


in which the suhscrlpt "h" in ^ and 



is understood. 
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M 

CD 

CO 

CO 


This expression is equivalent to equation (9) of the main text; this will 
he apparent when it is recalled that the temperature drive assumed in the 
main text is tg^jyj cos cu0 instead of tg^j^ sin (cd0 + 6 ) . 

The mean value of tj (i.e., rj) on an area-weighted basis is desired. 
This is obtained by evaluating the following expression (obtained from 
equation (B15) : 


- 2 




*1 * if- 


^ r berjl) + belgU)] COS 030 


[i-j berQ(j) - beio(l)] sin o)0| dr 


(B16) 


Use is made of the following: 


X herQ X dx = y bei^J, y 


and 


X bei^ X dx a -y ber^ y 


0 


Equation (B16) and the latter lead to 


[^iC^belo (V 

Further manipulation of this expression leads to the desired 
relation 


_ 2[berf(l^) + bel2(Z^)]V2 


}|cc 


T her * (z, ) + bei’ (Z-^) 

-■-^-t- %^e4( - Z^ - - ' . ^b e -^ ) J 


Rote that (ber^ x + bei^ x) a (ber^^ + bei^^) . 


(B17) 


This expression is identical with equation (15) in the text. 
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APPENDIX C 


MMIMHIED -CYLINDER THEORY 


It is possible to use the Laplace Transform approach in this case, 

"but since tHe transient terms were not desired, it was felt that any 
gain in conciseness would he more than offset hy the loss in directness 
of the physical approach, that is, the inability of the user of the 
results to compare intermediate steps of the derivation with previously 
obtained results anri derivations. Further, the derivation of the steady- 
state solution proves to be a relatively simple and straightforward matter 
even when the classical technique is oiployed. 


The heat-flow equations 


^ti fb^t 

®1 


1 ati\ 


and 


St2 


* 



^ V 2 

apply in the core and shell regions, respectively. 


(Cl) 


(C2) 


The following are the boundary conditions; 



(C3) 

(C4) 

(C5) 


If tg is now assumed equal to ^1 ^ will be 

represented by the real parts of the solutions (with undetermined complex 
coefficients) 


tq = e^® (*^ 1,1 ^ 1,1 + '^ 1,2 ^ 1 , 2 ) 

and 

±2 « (^ 2,1 ^ 2,1 ^,2 ^ 2 , 2 ) 
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N, 

to 

DO 

DO 


where ijr^^ ^ is tlie con 5 )lex solution of the zero order of the first Tcinfl 
of the modified Bessel’s equation 



1 

r dr 



llf^ a 0 


(C8) 


for the i^^ region, and lir^^ 2 is the solution of zero order of the second 
kind of the same equation. 


Only the reduction of t 2 to its final form will he followed in 
some detail, since the steps required for t-j^ will then he ohrious. 


The real part of t£ is given hy the expression 

conjugate of 

in 'which 




(C9) 


heroU*) + iheiU*) « tg,! ” 


and 

usually taken as kerQ(l*) + ikeiQ(j*) in this work. Rote that if the 

definition given in reference 13 of the function of the second kind 
(Xp(z)) is adopted, then if z = xl3/2, that is, 

Yo(xi^/^) a yerQ(x) + iyelQ(x), the following are true: 

# 

kerQX a - ■|•(yeroX + heiQx) 
kelQX a |•(herQX - yelQx) 

The reference 13 definition of Yp(z) is 
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Tp(.) - |{(r . ::a |).p(.) - i f 


1 ^ 

2 A JUJ + p)J 


1 + 2 + • • • + J_1 + j + 


+ 


i + i+. • .+ i — ^ + — i-— 

2 P+d-1 P+J 


(CIO) 


where x (Euler's number) = 0.5772157 


The expression C2^2.,R "*■ ^*^2,1,1 substituted for the conplex 

quantity C 2 ^^2,2,1 ^2,2^ o>0 + i sin O50 for 

ehs0 equation (C9) . The expression to which equation (C9) reduces 
when these 'substitutions are made and the terms of the "Conjugate" are 
explicitly introduced is 

*^_,2^R^r(^*) - 

(Cll) 

The new dimensionless constants 

n* 


*^2 ^^2,1,r/%,M 
®2 = <^,2,R/^e,M 
®2 = -^2,l,l/'^e,M 
®2 =* -^Z,2,l/%,U 


(C12) 


are now introduced, as well as the equivalences fj^ = "herQ and fj = beiQ. 

The local relative 'teniperature n„ t= t„/t then becomes 

*2 2' e,M 

[D 2 fR(i*) + ^?Fr(^*) - C 2 fi(^*) - GgFjU*)] sin 0)0 (C13) 
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This relation is formally identical to the relation obtained as the solu- 
tion of an electrical problem in reference 18. 

Similarly, the relative tenperature within the core is found to be 

\ ^ " C^f j(2)J sin 030 (C14) 

in "which and are additional real, undetermined, dimensionless 

constants and 2 = a^r. 

The constants C*, C*^ • . G* are then determined by using 

equations (C3) , (C4), (C5) , (C13), and (C14) to obtain a set of six 
simultaneous linear algebraic equations. The set of equations is the 
follo"wing, noting "that 



and, for exanple. 




df^ 

I 

_d(aQ_r)_ 


rar. 


or 


fi(2-) 


'-JX- 


r=»r. 
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-fl(Ja) 4+rBda) Et-fsU*) e|+FiU 1) 02-FEdt) 4 = 9 

^ = ° 

fi(J^) dj-rfi »•) D*+rf^(j*) Dj-iPid*) G|+rF^(i*) ^ = o 

-f^(i^) 0 *+rf^(j») (|-ff(l^) Dj+rfjd*) i?+rF^(i5 G|+rF|(ip i| = o 

-[ja2F^UP+F.d*)]G|+[j=^j,(jp+F^(lp]^ “ 0 

[ja2fj,»*)+fiUp]c|+[ja2fi(I*)+fi(Jp]4 

+ [ja2Fft(l^+F^(j*)J (^+jja2Fj(^^)+F^(J*)J E 2 “ Ja^ 

icis) 

Formally^ this set of eq.uations represented the solution of the 
problem. In practice, the set was modified for con 5 )utational purposes hy 
the e limin ation of ’tb-e fifth of equations (CS) was used for that 

purpose. The values of the functions fj and Fj_, etc.^ were obtained 

either from tabulated values (for arguments < 10 ) , by use of the normal 
series (for arguments ranging from 1 to 30), or by the use of the 
asyn 5 )totlc series (for arguments ranging from 1 to 85) . 

The resulting set of five simultaneous equations was solved for 
C]_, . . in each numerical case; a special program deck using the 

Grout reduction technique was used for this purpose with the Card- 
Programmed Calculator of the Lewis laboratory. The resulting values of 
the constants were found to satisfy the set of equations to better than 
seven significant figures in each case. Calculation of one set of con- 
stants required about three minutes. 

In practical work, the instantaneous mean shell temperature and 
relative phase are much more useful than a knowledge of the variation of 
local relative teniperature . An averaging process was accordingly carried 
out as follows in the same manner as for the homogeneous cylinder (appen- 
dix B) ; In equation (C13), ^2,C ’l2,S defined as the bracketed 

expressions multiplying cos o>0 and sin co0, respectively. Thus 
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+ ^j{l*) (C16) 

and 

^2,6 (C17) 

Note that these relations are formally identical with certain of the 
relations of reference 18. 


Then, averaging may he carried out as indicated in the following 
expression: 




■2 - r|) 




(TI 2 ^ cos cue +- 11 ^ g sin a>e)(a^r)d(a^r) 


(C10) 


If, now, the in-phase and out-of -phase con 5 )onents of instantaneous 
mean relative shell ten^ierature are designated 112 c ^2 S-> respec- 

tively, eq^uation (C18) becomes 


,_2 -2 \ l /2 / . , _1 ’^ 2 , sV /2 

I 2 “ ("l2,C + n2,s) ' H 

^ |2,C/ 

in which, noting P » ra/r^j. 


(C19) 


^2,C 




C|[fi(2^) - PffU^)] + GifiUp - - 






and 




C||f^(Z?) - + Gfl^RC^h) - P^’R(2h)] 


J 

(C20) 


The mean relative temperature of the core is also given an a matter 
of completeness, although is haa no relevance in the present work; 
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COS < 


cd 9 - tan' 


-1 Ofe(VjL$i<!aO 




(C21) 
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APPEMDIX D 

THEORI OF THEEMAL RESPOUSE OF COMBINATIOR OF CORE OF PIIDZEE CQltDUCTIVITy 

AHD OF THICK SHELL HAVING INFINITELY GREAT CONDUCTIVITI 

The approximate relations derived in this appendix were checked hy 
making a few calculations and comparing these results with those of the 
exact theory. The two sets of results agreed generally to two or three 
units at the third significant figure. 

The following may he written immediately: 

- 4)P2°p, 2 50^ = - 2itrakifg^) + 2rtri,hf(te - tg) <Dl) 

where ±2} metal shell temperature, is assumed constant in amplitude 
and phase over the shell cross section. 


The following may also he written: 



(D2) 


(D3) 

■^1 = "^l^M cos(cDe - ‘Pjl) 

(D4) 

In equations (D3) and (D4) f '^2 U ^2 independent of the 

radial coordinate, whereas and are functions 

coordinate . 

From equations (D2) , (D3) , and (D4) are obtained: 

tg 

of the radial 

T] = V = COS 0)0 

(D5) 



■ cos(cD0 - 'Po) 


^2,M " "^ 2 ^ 


(D6) 
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where 


^2,M ^ t 


2,M 

e,M 


_ ■*^1 


Til = cos<(D0 - <Pj_) = ^2.,U cOB(ffi0 - <Pi) 

e,M e,M 


(D7) 


and 




(D8) 


where 




Further, we can write 


e = (p tp 
1 1 ■ 2 


(D9) 


so that, finally. 


'll = ’>2,rfl'l,M - '^2 - 'l’ 


(DIO) 


Note that and are the anrplittide and phase lag angles of 

T|^ with respect to Tig. 

■When p = and equations Xi®) "to (DlO) are Tised, equation (D1) 

may he transformed Into a nondimensional relation: 


2 2 
^h - ^a 


£t ^^2 [^^ 2 . 

2~^ P2^^,2 SF" = - ""a^llsF) 


(Dla) 


(1 - p^) ^n2 ^ ^ 

P2=p,2 5^ = - (^e - ^2) 






L“©J 


(Dlh) 


2922 



CE-8 'back 


WACA TN 3514 


59 


CO 

CD 

CO 

CO 


(1 - l PZ^p,2 ^^2 _ ~ ^ 2 ) 

2 ^ 55 “ r;,^/kiP2Cp^2 


1 ’‘I 

Sill 

Jp2°p,2 

L V^biJ 


’'2,nt^ - P ) 


CDT, 


-f — sln(ai0 -‘^2^ ~ 

^1;,2 


jos((ae) - cos(ao0 - 

V^lP2^p^2 


- P 


K ,2 

2 
(UPb 




W 


where 


We may now write 


\,2 “ \/p2'^p,2 


o* 

%2 _ 


^-T- ^K2^) 


-2 


where 


°1,2 - 


03 


%2 


and 


J^l,2 = 


kf 


/\yo 3 k^p 2 < 


•p,2 


and so obtain 


2Fof-/e 


1^2 


(Die) 


(Did) 


(Dll) 


(D12) 


Continued on next page. 
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1/2 


^Tii 




— Jai ^2 |^os(cD0) - cos(cD0 - ^ 2 ) (Die) 


I’a 


Now 


Stii 

= 


'( t ) 


^(o^r) 


and since 


the follo-wlng is finally obtained: 

f ~i o 2\ 




Pt c - 

1 pA 

P2<^p,2 




^ill 

A 

P2<^p,2 

S(ctQ^r) 




Ja- 


L,2 [pos(a30) - Ti2^M cos(cd0 - 


(Dlf) 


Now, it lias teen shown hy Carslaw and Jaeger^ pages 273 to 274, for 
example, that the steady-state response of a homogeneous cylinder (in 
this case, core) to a cosinusoidal surface temperature drive is given hy 


Tl, = 11 


2,M 


her^(l) + teigd) 


her^(Zj + Dei^d J 


1/2 


cos 


010 - *^2 “ 


^ (teiQ(Zj herQ(7) - hero(la) Dero(l)) 
( herQ ( l ^) terQ ( l ) + 1301^(7 J 1301^(7)) 


(D13) 

in which 7 = o^r and 7^^ = equation should he compared with 

equation (DlO) if eiiplicit esqpressions for an<i sought. 

For convenience, we write hereinafter ter^ = herQ(7) and 
her„ H her_(7 ) . (Eq. (D13) is also easily deducihle from the more 

& U 8< 
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general expression involving tiie heat- transfer coefficient hy permitting 
hjf to "become infinitely large.) Note that the "drive” is in this in- 
stance - *P2) • 

Differentiation of the a"bove expression is merely tedious; the re- 
sult is : 


Ml 

S(o^r) 


’l2,M 


her^2 + 




, 2 \l/2 


cos 


(ad - 9 - tan 


The value of the derivative at r^ is then, obviously: 

.V2 




“ ^2 ,m — r ^ 

ra V^'^O^a + l^®io,ay 


cos 


(00 


Note that 


. 9 . tan-1 (l^lp.al^^6,a ~ 1^^0,a 1^16,a) 
^ (l®^0,a l®^6,a + !®%,a l®16,a) 


"ber^ = ^ + "bel^) 


and 


We write now 


Sill 


_S(a^r)J 


hei^ = ^ (tei^ - ter^) 


= ^2,M ^0,a - ^2 - ^0,a) 


(D14) 


(D15a) 


(D15b) 
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wloere, l>y conrparison witli equation (D15a) , the denotations of 

will hecome clear. Note that the denotation of Tq , \ised only 

in this appendix^ is not related in any way to the denotation of f or 
r* as used throu^out the balance of this report. 


From (Dlf) and (D15h) the following may he obtained: 
q,^,(l - sin(.e ^ eos(.a - 

_^l/2 \iP2^,2jl ’ 

1,2 




2Fo: 


- "o,a)] - 


Ja^ 2 \ M " ^2^ 


or, if we write 


;- g- 


and 


p 


'P2°p,2 


(D16a) 


then 

? sin(oD0 - fPg) = P* ^0,a. cos(cDe - '^2 " ^0,a) " 


Ja^ 2 j^^2^M " cob(c» 0 - ‘Pg)J (D16b) 

TVhen the parenthetical expressions of equation (DlSb) are expanded 
. K sln((jD0) cos ^2 ~ ^ cos(oD0) sin <Pg 

= p* Aq^ Jcos <?2 ^0,a " ^0,a) cos((d 0) + 

p* Jsin <P2 cos + cos sin Bin(cD0) - 

Jai 2 cos(oD0) - cos <?2 cos(o)0) - sin ^>3 sin(cD0^ 
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The last expression is equivalent to the two equations 

? cos = P* ^^2 ^0,a + ‘^2 + '^%2 "^2 

or 

? = P* A cos r tan <P„ + p* A sin T + Ja^ tan 

0,a 0,a 2 0,a 0,a 1^2 2 

(D17) 

and 

- ^ sin ^2 = P* ^^2 ^os - sin ^2 sin J + 


-1 


'^®1,2^^°® ^2 - ^2,m) 


or 


? tan <P 2 = -P* Aq ^^ cos + p* Aq ^^ sin tan <1>2 - 


-1 


Ja]_^2 + *^® 1,2 ^ 2,M '^2 


From equation (D17) 


^ 2 ~ 


-1 g- P*^,a ^0,a 

'^%2 + P%,a ^0,a 

(1 - p2) 


= tan 


-1 


1 


2Fo 


1/2 

1,2 






(DI 8 ) 


(D19a) 


(D19h) 


while from equation (D18) 

■^%2 Izi* ^,a ‘'o,a) »2 Va =“ ^0,, 
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or 


2,M 




- P* l’0,a) ^^2 + '^%2 + P* ^0,a ^0,a 


(D20a) 


or 


J a^ 


i2 


sec <P, 


2Foy^ yPgCp^2 


L 1,2 


tan <Pg + Jai 2 + p / — Aq a 

fp2°p,2 


cos Fo^a 


(D20b) 

Note that and aare fimctlons of the four parameters FO]_^2^ 

PgC— 2 

Jan o. B, and Ei—, ^jie number of parameters is in accordance vith 

"I^PA 

the fact that a general two-material laminated-cylinder analysis requires 
a specification of five independent parameters ; hy specifying kg (here 

taken equal to infinity) we have reduced the number to four and greatly 


simplified the analysis. If 


^2°p,2 


is further limited to the value 


unity, it is necessaary to consider only three parameters, of which p 
must take on only two or three values for design purposes. Thus, only 
Foj_ 2 Jai^2 take on extensive ranges of values. 

Explicit expressions for Aq ^ sin Fq and Aq g cos FQ^g are 
obtained as follows : 


0,a 


^■b®^0,a + ^®io,ay 


Since 
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and 


r = tan“^ belp^a ~ 'berp^a 

her^ ter' + "bei^ ^ei' 

0,a 0,a 0,a 0,a 


Then 


Va ^0,a =1 


her'^ + tel'^ 

■u 2 ^ 

^her» + hei- 
0,a O^ay 


help^a ^^^6, a ~ 'b^^O,a ^^^6, a 


[('>®‘’0,a ’=®’^0,a+'=®^0,a '=®^0,a>^+ <’>^^0,a ’=®’^6,a ' ’=®“^0,a 


T 

M 

o 


2 

Vlier^ +hei' 


1/2 


bei_ ber’ - ber_ bel' 
0,a 0,a 0,a O^a 




Similarly, 


bei„ berl - ber^ beii 
0,a 0,a 0,a 0,a 

2 2 

^®"-0,a + 


0,a 0,a 


r = ^^^0,a ^g^6.,a + ^^^0,a ^^^6, a 


ber^ + bei^ 

0, a 0, a 


COB 



66 


NACA TN 3514 


APPENDIX E 


CARD-PROGRAMMED CALCULATOR OPERATIONS AND INTERRELATIONS AMONG EQUATIONS 


USED EOR REDUCTION OF CPC INTEGRATIONS AND ANALYTICAL SOLUTION 

Numerical lategrations 

The exact analytical solution of the laminated- cylinder prohlem was 
given in appendix C. It was shown there (eqs. (C6) and (C7)) that 


where 


tl - (^i,l ^1,1 + ^1,2 ^i,2) 


d^ilTi dti 

^2 X dr 



(El) 

(C8) 


for the i"^^ region, and ilr^ ^ and ijr^ 2 "two independent solu- 

tions of the zero order In the i^^ region. Equation (El) is "based upon 
a temperature "drive" tg = tg^j^ e^; if tg = tg^j^ cos m© is assumed, 
then only the real parts of tj_ and tg are of physical significance, 
that is, are to "be associated with tg^jj cos (S0. 


The notation 


'I'lA + 

Im. = Real coefficient of imaglna:^ part of (C. ^ ijr + C. _ ijr. „) 


KE2) 


is now employed. (Also, = a^r is used.) It follows that equation 
(C8) may "be written (since ilfj^ may "be replaced "by any linear comhina- 
tion of independent solutions) as follows : 


d. (R^ + i 3_ ^ 




dj. 


+ 1(R^ + 1 Im^) = 0 


(E3) 


Equation (E3) is, .of coiirse, equivalent to the pair of equations: 
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CO 

CD 

CO 

CO 


d%l. , dE. 

1,1 i , _ 

di? ^ 




= 0 


d^InL. T dlk^ 

+ :r- - R. 


61 ‘ 


dli 


= 0 


J 


(E4) 


Basically, the IBM procedure followed was that of numerical inte- 
gration of these simultaneous eqnations outward from the center of the 
core to the outer surface, the change in material at the Interface Being 
taken into account in the following way: 


The houndaory conditions at the interface are as stated in appendix 
C (eqs. (C4) and (C5)). From those equations, it follows that the value 
of R at rg^ in the oxide equals the R at - r^^ in the metal, and 

similarly for Im. Further, it follows that 




and similarly for the space derivatives of Im. Since E* is xmderstood 
throughout this study to he dR/d (cxQ|r) > the following may he written: 


It follows that 


°i ^,a - “l k^®i,a 



In other words, the starting values R^ and Im^ in the oxide at the 
interface must he multiplied hy the reciprocal of kg/k^ before contin- 
uing the integration throu^ the shell. 


In practide, a substantial saving of time was achieved hy avoiding 
integration, of the equations (E4) between center and interface; this was 
aecoraplished. hy computing (on the CPC) all values of herQ, i>eiQ^ 


.and hei^ at 



and using these values (modified as indicated) 
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as starting values of the integration from interface to surface. In the 
case of small-argument < lO) values, the functions are given in sev- 
eral references at small intervals and to a large niomber of decimal 
places, so that values interpolated among tabulated values are available 
at the Interface, 'Neverfheless, it was found more convenient to compute 
small- argument values as well as large -argument values; additional de- 
tails are given herein. 


It is to be noted that 3 is identically zero, since only the 

, , 3/2. . y ' . 

solution (jQ^OQ^ri )) of the first Icind may be used in region 1 
((dilr/dr)^j^ = O) . This is tantamSunt to putting r = kei^ r = 0 

for all r ^ r^. However, '^ 2,2 i® i°- Seheral not equal to zero. When 

the surface is reached, the problem becomes that of matching the solution 
already obtained to the assumed surface conditions in effect, determining 
^1 1^ ^1 2 * ^2 1 ^ *^2 2 ^ i^ appendix G. QIhe details are given in 

the second part of this appendix. 


The n-umerical integrations (from the interface outward through the 
shell) were performed by extrapolating successive values of the third 
derivatives of R and Im. The variable of Integration remained Z-j_= 2; 

equations (E4) accord i ngly became, e^^licitly, within the shell, the fol- 
lowing (the subscript 2 on R and Im is omitted): 


+ US + Aim = 0 

aj 2 2 d 2 


d^Im 1 ^ 

dz 2 2 d 2 


AR = 0 




> 




where A = ( 03 / 0 ^)^; note (e.g.) that dlm/d2 = dTm/d (o^r), not 
dIm/d (a-g^) • 


(E5) 


From the first of these relations, the expression 


R” ' = - ^ |- R" + Aim + j Im^ (E 6 ) 

is obtained by differentiation; the prime convention for differentiation 
has here been adopted.’ 


; 
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Hie subscript J will now be tised to identify values at the J 
point of the numerical integration; the subscript J+g. identifies values 
at a point half way between j and J+1. 

It follows that 


S(i/2)=®5 


(E7) 


where A denotes the change between j and j+1. However, it is true 
that 


1 „ Al 

It follows from equations (E6 ) , (E7 ) , and (E8) that 


(E8) 




(E9) 


Similarly, the following is true: 


^3+(1/2) = TJ 


A5J 

2 


(ElO) 


A special set of ' f txed-decimal-point wiring boards was used for 
these (and other similar) calculations- !Ehe values of R =_ ^ero(l^ 

Im = ^eioCl^ r ^ = &eio(z3 r’ ^a = °l^a^ and 

2 -1 

A = (cxg/orL) = (kg/k]^) (for these calculations, since was 

assumed equal to P 2 *^p 2 ^ were entered into storage units. ■ R^ and Im^ 
were then computed (eqs . (E5) ) . Equations (E9) and (ElO) were then used 

to compute R^ + ^ AI and lin^ + — A2- AR’/2 = (Ra+(AZ/2)) 

^a+(Al/2) “ ^a AR’/2 were aoapated in tura; corresponding relations 


were used for ]jn’ . 


The function values themselves were then estimated at the center of 
the first half-interval by \ising Ar/ 2 = (Ra+(AZ/2)) 

®a+(AZ/2) = ®a corresponding expressions for lin. 
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After the first half-interval was reached, the procedure was modi- 
fied sli^tly. If the value of the synibol precisely at the end of a 
given interval is denoted hy the symbol without a subscript, that at the 
end of a half- interval hy the symbol with a "+" as a subscript, that at 
the end of the preceding half -interval by the symbol with a as a sub- 

script, and so forth, hhen the following indicate the arithmetic opera- 
tions performed after the "a+" calculations were con5)leted. Note that a 
"++" Indicates evaluation at the end of a full-interveil . 

AR’/2 = (Rp ^ 

R| = R* + (AR*/2)_ + (AR'/2)^ 

AR/2 = (R|) ^ 

R^ = R_ + (AR/2)^ + (AR/2)_ 

R^_^ = r; + ar;/2 

Corresponding relations were tised for Im^, and so forth. 

In addition, the following relations were used: 


R = 


'++ 


R, I + Alm^ 


- 

Finally, equations (E9) and (eIO) were used to compute second derivatives 
at the half- Interval. 



The series used for computations of most of the starting values were 
the following: 

R(Z) = bero(Z) = ^ 

[(2J0j 


Continued on next page. 
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£kM. 


-1 


iiML+il _iiz^+i’ 


(40-39)^ J (38*37)^ J (36-35)^ / (34*33)' 


L 


Im(2) = ■belQ(Z) = ^ 




[(2J+1)]| 


(Ell) 


[(( 


1 

- 


[( 41*40)^ J (39*38)^ J (37*36)^ / (35*34)^ 


(1/2) *_ j ll] ... 


(E12) 


R'(7) =-ber^(2) = 


h (-1)J(2J)(2/2)^J 


-1 


[(2J)0'^ 


:r(i) 


I}M1 


— 2i 


.( 42 . 41 “^. 40 ) 


• 39 ^* 38 ) J( 38 . 


(40 


37 .36) / (36.35 . 34 ) J 

(EL3) 


Im'(l) = 'bein(Z) =.^ 


<0 

2, (-l)'^(2j+l)(j/2)^'^'^^ 


[(2J+1)0' 


= (|) r/TLX^./2)" -l1.(X/2).t .m\^ Z 2 )1 ...i) ( .7/2)^ .,1. . . . 

' L\IL( 41 . 40 ^. 39 ) J( 39 . 38 ^. 37 ) J( 37 . 36 ^. 35 ) '( 35 - 34 ^. 33 ) J 

(EL4) 

!Pruncatioii errors were held to less than three Units at the el^th 
significant figure hy using more than 7^2 terms in each case, Specif- 
ically, 20 terms were used for 1.5918 < < 25.318, and 40 terms for 

25.318 < l^. It was later determined that the procedure had "been an un- 
necessarily conservatiye one insofar as truncation errors were concerned. 
Round-off eirors, however, reduced accuracy at the hi^er arguments to 
such an extent that for arguments greater than 45 it "became necessary to 
use the well-known asyngjtotic series for these functions. 
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In table XIH the calculated values of Eg^ ='berQ(2g^), Img = 'beiQ(lg), 
E^ = 'ber^(Zg^)j and Im^ = 'bei^(lg) are listed as calculated for each of 
the 47 Zg^ values. Low-argument values (less than lO) checked sigainst 

existing tables agreed with them, to 8 figures. This order of accuracy, 
however, was not maintained throughout; the function values are believed 
correct ’to 6 figures or more in all cases . The accuracy of the integra- 
tions was enhanced by maintaining a nonzero initial digit in the abso- 
lutely largest number present at a given step. This was accomplished by 
using a right or left shift of all numbers being carried, as required. 

Two or three different step sizes were used for certain large- 
argument cases, both for check purposes and in an effort to reduce total 
CPC time. As an exan^jle, integrations were performed for a particular 
case •using standard intervals (AZ) of 0.16, 0.32, and 0.64. (in this 
instance , these results were later discarded because 'the starting values 
had been incorrectly computed.) 

The following table exhibits the important results of the three in- 
tegrations (which were, however, executed in the order 0.64, 0.32, and 
0.16), including the first d i fferences of the successi've end- values of 
the functions. 


Bun 

number 

Step 




»b 

Im^ 

3 

0.16 



14,378,808 

-11,893,246 

1,330,416 

796,851 



First 

A 

418 

542 

176 

-184 

2 

.32 



14,379,226 

-11,893,788 

1,330,592 

796,667 



First 

A 

1796 

2122 

694 

-1Z2. 

1 

.64 



14,381,022 

-11,895,910 

1,331,286 

795,935 


Two facts are apparent : The errors increase as the square of the inter- 

val, and the residual errors of the 0.16 run are almost certainly smaller 

than 1 in 10^. In addition, such multiple runs served as very convenient 
checks on final res'ults when the otherwise supernumerary run (s) was 
(were) carried either to completion or essentially to conpletion. 

Cases 1 throu^ 21 were checked for smoothness by -visual inspection 
of the E" and Im entries of the original CPC listing. Additional 
tabulation and visual-inspection checks were -used for cases 22 throu^ 

46. Case 47 was checked by using several step sizes. The results for 
cases 48, 49, and 50 were obtained solely by the use of the analytical 
theory developed in appendix C. 
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Reduction of Integration Results 


Calculation of local and mean shell amplitudes and phase angles. - • 
The following relations were used in the reduction of integration results 
to actual local and mean relative tenrperature aniplitudes and phase shifts 
within the shell for cases 1 to 47; "floating" decimal-point wiring and 
operations were ixsed (ref. 14): 


Mean relative shell temperature amplitude and phase angle; deriva- 
tives at r are evaluated within the metal hut with respect to 
a 

Z = otQ^r: 


'*^2,M 



ih(l 




gy 


- 






)l/2 


(E15) 


where 


tan <pg = 


1 1 

^Rt - PR4) 

I,h 

(Ln^ - pimy 

^R^h _ 

(R^ - PR;) 






-1 

-1 ^ 


(E16) 


Local ("point") amplitiide relative to mean an 5 >litude, and local 
phase angle (lag) relative to mean phase angle (lag) are, respectively 


^~^2,MAe,M^ = ^2^M 
, ’l2,M 

^^,(1 - P^) [(R^ - PE4)^ + (Im^ - pJm^)^]^/^ 
' .(H^ . 


(E17) 
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tan(<p 2 - 92) 


. . R 

1 + • ■= — 

Im^ - Im 

R - PR4 

Im Im^ - 


(E18) 


There are several ways of deriving the preceding equations. For ex- 
ample, they were originally obtained by assuming t 2 = G'if2 ®^ip i (cs0 + 5 ) , 
where the undetermined constants C and 5* are independent of the var- 
iable 02 r. This expression was then used with the surface botmdary con- 
dition to determine G and 8* . 

This approach, althoti^ straightforward, sheds no lig^ht on the 
interrelations among "^2^0 ^2,S ’12, C 

*^1^1 ’^1,1-’ forth. 

A more tLLuminating derivation is now given : 


The heat-flow equation for the shell region is written in the form 


3 j *2 I* hi* 



S(oi©) 


(E19) 


Here, I* = otgr as usiial. 
The solution 


\ \ Q cos 05® + ^2 S 

is assumed for ("teAe,!!^ ~ 

Equations (E19) and (E20) lead to the following relations: 


(E20) 


^2 


’l2,C 1 ^’12, 




hi 


*2 


W~Sr^- \,s = ° 


^^’12, S ^ 1 ^’l2,S ^ ^ „ 

^1*2 I* hi* ^2,C 


(E21) 




Equations (E2l) can be combined Into a single equation provided a 
new time- Independent con 5 )lex function (of o^r) is defined: 


’I2 “ ’l2,C " ^^2,£ 


(E22) 
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CO 

CD 

CO 

CO 


I 

iq 


When. 


* 

n 2 


is used, equations (E21) "become the single equation 


-N? * ^ * 

^ t )2 1 ^^2 . * - 

^ 52 ^ ■ ^^2 = ° 


(E23) 


This relation is, however, formally identical with, for exan 5 )le, 
equation (C 8 ), which is the modified Bessel’s equation. It follows that 
1^2 = 0 ^ 2 ^ "bhat appropriate real solutions of equations (E21) may "be 

obtained hy properly combining real parts of conjugates of solutions of 
the first and second kinds of the modified Bessel's equation; the minus 
sign In equation (E22) should he noted. In other words, if =f + if j, 

for example, is one of a pair of independent solutions of the modified 
Bessel's equation (as denoted hy the suhscript to the left of > "then 

one solution of equation (E23) is C -^2 — 1^2 “ “ ^I^ > where C 

remains arhltrary. Mother Independent solution is C = 2^2 ~ 

C(Pj^ _ iFj). Since the constant C is arhltrary, additional solutions 
may he obtained hy noting that i 2^2 = - f and that the conjugate 

of i jLi[r 2 is -fj - ifj^ = - (fj + ^^r) ^ so forth. In this manner, 

it is possible to arrive at the following general solution of equations 
(E21) 


^2,0 “ ^4^ 

’l2,S = *^4^ 


(E24) 


where and are arbitrary undetermined real constants . These 

relations satisfy the differential equation, are linearly independent, 
automatically satisfy the Interfaeial boundary conditions because of the 
manner in whicdi R and Im were computed, and can he made to satisfy 
the surface boundary conditions throu^ selection of C 3 and C 4 . They 

therefore fulfill all requirements. 

The surface hoimdary condition is as given hy equation (C3) . This 
may hy obvious manipulations he transformed into 


(H 


T f 


cos CD 0 ) 


(E25) 



76 


NACA TN 3514 


If, na\T, relations (E24) are substituted into equation (E25 ) , an 
e 2 ^)ression in cos cd 0 and sin is obtained -whicli yields the 
equations 




-1 = 0 




^ - <=4 - 


(I ^ 


= 0 


(E26) 


(Note, ag ain , that derivatives are taken with respect to 2 = ct^r.) The 
expressions in parenthesis will, however, he recognized as 
, . Accordingly, equations (E26) may he written 

Xj D 


*^3 %,h + ^4 '^I,h - 1 - 0 

.*^3 %,h ~ ^4 '^R,h = ® 
The solution of equations (E27) is 


(E27) 


4> 


C-Z — 


R,h 




R,h + ^R,h 


C4= — 




4> + # 

®R,h I,h 




(E28) 


It follows from the latter relations and equations (E24) that 


’^2,0 


= ^R,-b ^ %,-b 

4,^ * 


Im ^ 


(E29) 


‘2,S 


^,h ^ ~ %,h 
$ 2 ^2 
R,h I,h 


Im 




2922 



HADA TS 3514 


77 


CO 

CO 


Finally, the following relation is obtained by using equations (E20) and 
(E29) : 


in which 




^ 2 2 \l/2 

\,U ^2,S^ 




^1/2 ^ 




R ^R,b 


9, . taa-1 2^ = tan-l -- 
12,0 ^ ® 


R,b 

^I,b^ 


+ 1 




(E30) 


(E31) 


Ihe following observations may now be made : 

(l) Equation (B15) (or eq. (9)) is merely a special case of (E30) , 
since, In the case of a homogeneous cylinder, R = "berQ and 
Im = teiQ. 


(2) In addition, the following may be written: 

\,C = ^*2 "^2 ^*2 ^2 = ^ 3 ^ + ^ 4 =^'| 

>(E32) 

= D* f^(Z*) + E* Fjl*) - C* fjU*) - G* F^(l*) = C^R - C^Im J 


•2,3 "2 ^R^“ ^ ■ ^2 "R 

It follows that 


2 1' 


'5-^J 


^ ~ ^^R,b ■’■ ^I,b^^^R,b ^^2,0 ^I,b ^2,3^ 


^ - (^R,b + ^I,b)(^I,b ^12,0 " ^R,b ^2,3) 


(E33) 


or 
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R = 




^2 + *1,5 











^ + *1,5 

) + (*R,5 ®2 - 


^1,5 ^ 2 ) 


>(E34) 


^ = (*R,5 +* 1 , 5 ) [^1,5 4 -*R,5 
^^1,5 ^ " ^R,5 

■ (^1,5 ^2 + ^E,5 ^2^ (^1,5 ^2 -^* 


^ 2 ) ^r(^ ^ ■*■ 


+ 





Since, at t^, R^ = -berQ^a = %(^a) = %(“l^a) ^ equations also 

furnish relations among Rg^, Iniaj forth. The sig- 

nificance of relations (E34) is that, in actuality, the right sides 
of these relations are independent of Ja. 


( 3 ) Because of the nature of the derivation, equations (E3l) are 
valid for any ntmiber of layers. If extension of the analysis to a 
pXuxality of layers were desired, therefore, it would only he neces- 
sary to continue the Integration outward through the succession of 
layers to the surface. 


The additional relations (E15), and so forth, required are now o5- 
talnable as follows : 


n = 



2itrTi dr 


* 
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In tlie execution of this integration, the following is used; 

r^z 

xR(x) dx = ygim* (yg) - yilm* (y^) 

^yi 

pY2 

J xlm(x) dx = -ygR' (y^) + y^K' (y3_) 


The result of the integration is the following with olvious details 
omitted : 

TI 2 = ^2,M ^ 


in which tj is given hy equation (E15) and is also equal to 
2,M 

(ti? + ti? of equation (C19), and <p is given hy equation (E16) 


and is also equal to tan”^ (rig g/^2 equation (C19) . In this case, 

again, if ^ ► 0, R* becomes her ' , Im' hecomes hei’ , and t[_ ^ and 

9 2 reduce to the expressions contained in equation (B17). Note, however, 
that in this instance = 1 since the derivatives "ber^ and "bei^ 

would then he evaluated with respect to the outer material, that is, 
with respect to the variable a^r rather than a^r, and, further, 

Zh = would become Z-^ = cLgr^,* 


The expressions (E17) and (E18) are then obtained in an obvious 
manner by performing the indicated division and subtraction, rising equa- 
tions (EI5) , (E16) , and (E31) . The point that ^2 ,m/^ 2,M 
tan^tPg - ^g) axe dependent only upon the physical structure (p, r^, and 

properties) of the laminated cylinder and upon frequency and are inde- 
pendent of the heat- transfer coefficient (i.e., Jag, provided the re- 
maining physical variables of Jag are constant), is of the greatest 

in5)ortance. That fact follows directly from the discussions in the text 
concerning and enables calculation of the internal 

distribution of temperature without reference to mass -flow conditions. 
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APPENDIX F 


HOLLOW- SHELL THEORY 

The differential equation of heat flow (e.g., eq. (B1)) applies. 

As usual, the subscript "a" means that the quantity in question is to be 
evaluated at the interface (in this instance, the interior surface)} "b" 
means that the quantity is to be evaluated at the outer surface. 


The boundary conditions are: 



= Ja(cos dD0 - nb) 


(FI) 



(F2) 


The expression (C13) is valid in the present case; it is necessary 
merely to evaluate the constants C*, G*, D*, and E*. This may be accom- 
plished by using the right side of equation (C13) in equations (F1) and 
(F2). The resulting pair of equations in cos (o9 and sin cdP is then 
split, as usual, into four relations. 


Only the results are given. Certain auxiliary psirameters are first 
defined (Z = or, where a is characteristic of the shell material), and 
it should be noted that the denotations here assigned the quantities a, 
b, c, d, g, m, n, and p are restricted to the present appendix. 


a = ^,b = 'bero(Zb) + Ja“^ ber^(Z^) 

^ = %,b =• 

c = kero(Zb) + Ja”^ ker^(Z^) 
d = keio(Z-b) + Ja"^ kei^(Z-j^) 
g s - berj^(Za) 
m = - bei^(Za) 
n H - ker5(z^) 

P = - ^5:ei5(Z^) > 


(F3) 
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The set of equations determining the constants is then the follow- 
ing: 


aCJt + bG*- + cD* + dE* » 1 '' 

-bC*- + aG* - dD* + cE* == 0 
gCK- + mG* + nD* + pE* => 0 

+ gG* - pD* + nE* =0 ^ 


(F4) 


The simplicity and symmetry of this set of equations are such that 
it seemed worthwhile to obtain the explicit solutions. These solutions 
are the following: 


The determinant A of the coefficients a, . . p is 
A = (a^ + b^) (n^ + p^) + (g^ + m^) (c^ + d^) + 
2[(am - bg) (dn - cp) - (ag + bm) (dp + cn)j 
The constants are then given by: 


given by: 


(F5) 


C*" = A“^[a(n^ + p^) 
a A"^b(n2 + p2) 
G^ a A“^[c(g^ + m^) 
E^ a A"^ d(g2 + m^) 


+ m(dn - cp) 

- m(dp + cn) 

- p(am - bg) 

- p(ag + bm) 


- g(dp + cn)J 

- g(dn - c^)j 

- n(ag + bm)] 
+ n(am - bg)] 






(F6) 


The mean temperature amplitude and phase are given by the following, 
which were in part obtained from equations (C20) by putting I* » 2-jj, 

f j a beio^ and so forth: 




cos 



(F7) 
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where 


2^(1 _ p 2) 


[C*(bei5(l^) - ^bei6(^J)■+ G*(keii(l^,) - pkel5(zj) - 


= 


D*(ber^(l-b) - ^be^^^(^a)) - E'*(ker(^(2^) - 3ker(J,(Za) )3 


[D*(bei*(Zt,) - ^bei^(^J) + E*(kel* (Z-b) - 3kei*(zJ) + 


S Zb(l - p2) 

G*(ber^(Zb) - pber^(Za)) + G^Cker^CZ^^) - pker^(Z^))] 


(F8) 
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APPENDIX G 


INTERPOIATIOW AMONG CAK3ULATED RESPONSE VAIHES 

The following discussion relates to the construction of the response 
curves of the real wires A and C discussed in the tnain text. It 
should first he observed that successive amplitude curves (fig. S) cor- 
to responding to successive Biot numbers differing from one another by mul- 

M tiples of a single factor are uniformly spaced along the amplitude axis 

^ (ordinate) except at very large (~l) amplitudes. This uniformity, of 

course, exists only on a log-log plot. It follows that the correct or- 
dinate of a point corresponding to a Biot number falling between two for 
which calculations were made is found by first establishing the ratio 
of the intermediate Biot number to the smaller of the two. The ratio 
is then considered to be some fraction of the common ratio existing 
between successive Biot numbers of the calculations, which is 

lO^/^ = 1. 7782794+. The fraction thus found is used to establish the 
ordinate of the point to be plotted in the manner to be now indicated; 
the method is actually a linear -lo^irithmic interpolation and is clari- 
fied by the following example (which concerns the oxide surface points 
for wire A) : 

The Biot nimiber for wire A is 0.CXD064. Oxide sxrrface calculations 
were available for all the combinations of Biot number, J®^2^ 

for which laminated- cylinder results were obtained, as well as for many ad- 
, ditional points. At an value of 0.1, the Ja^^ = 2107.1+ ampli- 

tude (for the Biot number 0.00045045) is 0.0031747. At the same 

value of 0.1, the = 1184.9+ amplitude (for the Blot number 

0.00080103) is 0.0056364. The ratio 0.00064/0.00045045 = 1.421 (slide 
rule) . Using the relation, fractional (physical) distance (denoted by 

z) from 0.00045045 to 0.000640 = 4 log^^O ^ ^°Sl0 (1-4=21), 

z is found to be about 0.61o* This meads that on these log-log plots, 
points corresponding to a Blot number of 0.0064 will fall 0.61 times the 
actual vertical distance between 0.00045045 and 0.00080103 Biot number 
values above the 0.00045045 points (all at a given 2 value). In 

particular, the amplitude for the example cited should be about 0.0450; 
that figure is most easily obtained by using a Gerber variable scale 
, (essentially, a good spring with a number of marked turns) to interpolate 

linearly on a log scale after marking points at 0.00564 (= 0.0056364) and 
0.00317+ (= 0.0031747). 

As a check on the relation given for the calculation of z, it should 

be noted that z is unity when logn^v ( — = 0.25, that is, 

°10 V 0.00045045 / ' 

when the Biot number is 0.00080103. 
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Since complete 8 = 0.90 and 0.75 curves are availalle for the Biot 
numbers 0.00045045 and 0.00080103, the Gerher variahle scale may he used 
more directly where the laminated-cylinder results are concerned hy estab- 
lishing a series of points lying 0.61 (in this example) of the vertical 
distance between the curves in question above the lower (0.00045045) 
curve. In this manner, a large number of points may be easily and accu- 
rately established either on the original sheet (fig. 8) or a new one 
(e.g., fig. 11). This procedure weis followed for al l of the surface 
points and p = 0.90 and 0.75 points of wires A and C. The accuracy 
of the procedure of course decreases where it is obvious by inspection 
that the increments (in terms of actual vei*tical distance on the log-log 
plot) of amplitude are no longer equal for successive pairs of Biot num- 
bers differing by a common factor; this situation will generally exist 
at high amplitudes only and does hot represent a serious limitation 
evidently. 
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TABLE I. - TALHEB OF 1)61, 'bar, bel*, bar', ARD BETATED FORCTIOHB 


COT. ^ 

Int 

or 

(ar)2 

bar(or) 

bel(or) 

bar* (or) 

bel' 

or) 

Cannot 

QrOber 

Conreot 

QrSber 

Correct 

QrOber 

Correct 

QrOber 

0 

0 

0 

1 

1 

■ 0 

0 

0 

0 

0 

0 

.00444 

.2 

.04 

.99998 

1.000 

.01000 

.010 

-.00049 

-.0005 

.10000 

.100 

.02775 

.5 

.25 

.99902 

.999 

.06243 

“.065 

-.00781 

-.0078 

.24992 

.250 

.111 

1 

1 

.98438 

.984 

.24957 

.250 

-.06244 

*-.062S 

.49740 

.497 

.444 

2 

4 

.75173 

.752 

.97229 

.972 

-.49307 

-.493 

.91702 

.917 

.939 

3 

9 

-.22138 

-.221 

1.93769 

1.938 

-1.56984 

-1.570 

.88048 

.880 

1.776 

4 

16 

-2.56342 

-2.563 

2.29269 

2.293 

-3.13465 

-3.13 

-.49114 

“-.496 

2.775 

5 

25 

-6.23008 

-6.230 

.11603 

.116 

-3.84534 

“-3. 85 

-4.35414 

“-4.369 

3.996 

6 

36 

-6.85832 

-8.86 

-7.33475 

-7.33 

-.29308 

“-.27 

-10.84623 

“-10.86 

5.439 

7 

49 

-3.63293 

“-3. S3 

-21.23940 

“-21.25 

12.76452 

“13.0 

-16.04150 

“-15.1 

7.104 

6 

64 

20.97396 

^21.4 

-35.01673 

*-34.89 

38.51133 

“38.6 

-7.66031 

“-8. 05 

6.991 

9 

81 

73.93573 

“75. 4 

-24.71278 

“-2S.0 

65.60077 

“67.5 

36.29938 

“25. 8 

11.1 

10 

100 

138.84047 

^146 

56.37046 

*55.4 

51.19526 

“S2.5 

135.30930 

“122 


ber^ 

(Correct) 

bel® 

(Correct) 

ber2 + bel2 
(Correct} 

1 

(ber®^bel2)2 

*>(ber2 + b8l2)"°-S 

beT]^ 

bell 

beri +beli 

bel^ - ber^ 



(Correct) 

Correct 

OrCber 

(Correct) 

(Correct) 

(Correct) 

(Correct) 

1.000 

0 

1.000 

1.0000 

1.0000 

1.000 

p 

0 

0 

0 

.99996 

.00010 

1.00006 

1.0000300 

.99997000 

1.000 

-.07106 

.07036 

-.00070 

.14142 

.99804 

.003905 

1.001945 

1.0009718 

.99902914 

.999 

-.18224 

.17120 

-.01104 

.353U 

.96900 

.062235 

1.051285 

1.0155220 

.98471525 

“.987 

-.039587 

.30756 

-.08831 

.70343 

.56510 

.94534784 

1.5104478 

1.2290027 

.81366786 

“.776 

-.99708 

.29978 

-.69730 

1.29666 

.04901 

3.7542550 

3.803265 

1.9501961 

.51276895 

.513 

-1.73264 

-.48745 

2.22009 

1.24519 

6.57112 

5.2564274 

11,827647 

3.4391200 

-29077206 

.291 

-1.66925 

-2.56382 

-4.43307 

-.69437 

38.81390 

.01346296 

38.827363 

6.2311606 

.16048376 

“.161 

.35978 

-5.79791 

-5.43813 

-6.15769 

78.46983 

53.798559 

132.26839 

11.500799 

.08695048 

.087 

7.46220 

-7.87668 

-.41448 

-15.33888 

13.19618 

451.11211 

464.31029 

21.547860 

.04640832 

“.M7 

20.36693 

-2.31717 

16.05176 

-22.66610 

439.90700 

1226.1714 

1,666.0764 

40.617623 

.02449922 

“.025 

32.50686 

21.67354 

54.16040 

-10.03332 

5,466.4922 

610.72150 

6,077.2137 

77.956486 

.01282767 

.015 

20.71921 

72.05429 

92.77350 

51.33503 

19.276.676 

3177.6280 

22,454.305 

149.84761 

.00667345 

“.008 

-59.47761 

131.67864 

72.40103 

191.55625 


^Incorrect values. 

^(ber^ + bal2)-^*5 . In QrSber'o notation. 
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TABLE II. - COHVERSION PACTORS AND CONSTANTS 


(a) Conversion factors 


Ja*^ 3c ®'(h^atQ) 

t»2 ^ 



O 

1 

H 

.To_ 

2it 

2 2^ 

0 

0 

0 

0 

•• 

.001 

.00015915494 

.012615663 

.2 

31.41593 

.002 

.00031830986 

.017841240 

.5 

12.56637 

.005 

.00079577466 

.028209478 



.01 

.0015915494 

.039894229 

1 

6.283185 

.002 

.0031830986 

.056418955 

2 

3.141593 

.005 

.0079577466 

.089206203 

5 

1.256637 

.1 

.015915494 

.12615663 

10 

.6283185 

.2 

.031830986 

.17841240 

20 

.3141593 

.5 

.079577466 

.28209478 

50 

.1256637 

1 

.15915494 

.39894229 

100 

.06283185 

2 

.31830986 

.56418955 

200 

.03141593 

5 

.79577466 

.89206203 






m 

0 

10 

1.5915494 

1.2615663 



20 

3.1830986 

1.7841240 



50 

7.9577466 

2.8209478 



100 

15.915494 

3.9894229 



200 

31.830986 

5.6418955 



500 

79.577466 

8.9206203 



1000 

159.15494 

12.615663 



«• 

- 

m 





1 ®’/'ato'\ 

(~J 

X 2jtX 

®rint = :=- = 

Po Fo 

TP -0.5 
= Po 

«= 3,00150(aJtjjj.^)0-5 

0 

0 

«P 

m 

.1 

-015915494 

6.97434 

7.92665 

.2 

.031830986 

3.48717 

5.60499 

.5 

.079577466 

1.394867 

3.54491 

1 

.15915494 

.697434 

2,50663 

2 

.31830986 

.348717 

1.772454 

5 

.7957.7466 

.1394867 

1.120998 

10 

1.5915494 

,0897434 

.792665 

20 

3.1830986 

.0348717 

.560499 

50 

7.9577466 

.01394867 

.354491 

100 

15.915494 

.00697434 . 

.250663 

200 

31.830986 

.00348717 

.1772454 

m 

m 

0 

0 


Prober's notation. 
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TABLE H. - Concluded. CQNVEEISION FACTORS AHD CONSTANTS 


(Td) Constants 
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TABLE III. - GROBER'S TABLE OP SORPACE 
AMPLITUDES AND PHASE SHUTS PQR 


INFINITELY THICK SLABS 


[Ja«2] 

1 1 

®0 

K] 

[Ja*2] 

1o 

N 

1 — 1 
O 

0 

0 

45°00* 

1 

0.304 

32°40' 

.001 

.012 

44°30' 

2 

.388 

29°05 ' 

.002 

.017 

44°20* 

5 

.510 

23°50' 

.005 

.028 

43°55' 

10 

.603 

19°50' 

.01 

.039 

43°30' 

20 

.689 

15°50' 

.02 

.054 

42°50 

50 

.784 

U°50» 

.05 

.084 

41°40* 

100 

.843 

8°35' 

.1 

.116 

40°20' 

200 

.883 

6°20' 

.2 

.159 

38°40' 

500 

.925 

4°20' 

.5 

.232 

35°35' 

1000 

.945 

3°00> 
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TABLE IV. - EEDUCTIOH FACTOR 


TioJ%]j BEPEKDEHT UPON 


h2ato[ja*2] AMD [Fo*] 

R 


bJ] 






ato 

r 2 

[Fo^t] 






0 

0.2 

0.5 

B 

2 

5 

10 

20 

50 

100 

200 

m 

0.000 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 


.001 

.01 

.01 

.01 

.01 

.01 

.02 

.03 

.04 

.06 

.09 

.13 

1.00 

.002 

.02 

.02 

.02 

.02 

.02 

.03 

.04 

.06 

.10 

.13 

.19 

1.00 

.005 

.03 

.03 

.03 

.03 

.04 

.05 

.07 

.10 

.16 

.23 

.31 

1.00 

.01 

.04 

.04 

.04 

.04 

.05 

.08 

.10 

.14 

.22 

.30 

.43 

1.00 

.02 

.05 

.05 

.05 

.05 

.06 

.10 

.14 

.20 

.30 

.41 

.55 

1.00 

.05 

.08 

.08 

.08 

.08 

.09 

.16 

.22 

.30 

.45 

.58 

.70 

1.00 

.1 

.12 

.12 

.12 

.12 

.14 

.21 

.30 

.40 

.57 

.70 

.81 

1.00 

.2 

.16 

.16 

.16 

.17 

.19 

.28 

.40 

.53 

.69 

.80 

.89 

1.00 

.5 

.23 

.23 

.25 

.26 

.30 

.41 

.56 

.69 

.83 

.91 

.94 

1.00 

1 

.30 

.31 

.32 

.33 

.39 

.53 

.68 

.80 

.90 

.94 

.98 

1.00 

2 

.39 

.40 

.41 

.43 

.50 

.64 

.78 

.88 

.94 

.97 

.99 

1.00 

5 

.51 

.52 

.54 

.57 

.65 

.79 

.89 

.96 

.98 

1.00 

1.00 

1.00 

10 

.60 

.61 

.64 

.67 

.73 

.86 

.94 

.98 

.99 

1.00 



20 

.69 

.70 

.72 

.75 

.81 

.91 

.95 

.99 

1.00 




50 

.78 

.79 

.80 

.83 

.88 

.95 

.97 

1.00 





100 

.84 

.85 

.86 

.88 

.93 

.97 

1.00 






200 

.88 

.89 

.90 

.92 

.95 

.99 

1.00 






500 

.93 

.93 

.94 

.96 

.97 

1.00 







1000 

.95 

.96 

.97 

.99 

.99 

1.00 







m 

1.00 

1.00 

1.00 

1.00 

1.00 
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TABLE V. - PHASE SHIPT eo[<Pb] DEPENDENT UPON h2atolja*2] 

ato 

AND [Eo*] 


h2ato 

[ja*2] 



[Fo* ] 



0 

0.2 

0.5 

1 

2 

5 

10 

20 

50 

100 

200 

- 


45° 

45° 

50.5° 

58.5° 

68° 

80.5° 

86.5° 

88° 

88.5° 

WM 

89° 

__ 

.001 

45° 

45° 

50° 

57.5° 

66.5° 

78.5° 

83° 

85° 

84° 


81° 

0° 

.002 

44° 

45° 

50° 

57° 

66° 

78° 

82.5° 

84° 

82° 


78° 

0° 

.005 

44° 

44.5° 

49° 

57° 


77° 

81.5° 

82° 

77.5° 

74° 

70° 

0° 

.01 

44° 

44° 

48.5° 

56.5° 

65° 

75° 

79° 

79° 

73.5° 

69° 

65° 

0° 

.02 

43° 

43.5° 

48° 

55.5° 

63.5° 

73° 

77.5° 

76° 

68.5° 

63.5° 

57° 

0° 

.05 

42° 

43° 

47° 

53.5° 

62° 

71° 

73° 

70° 

60° 

52.5° 

45° 

0° 

.1 

40° 

42° 

45° 

52° 

60° 

67.5° 

68° 

63.5° 

53° 

44° 

35.5° 

0° 

.2 

39° 

40.5° 

42.5° 

49° 

57° 

63° 

62° 

55° 

43° 

34° 

'26° 

0° 

.5 

36° 

37.5° 

39° 

45.5° 

52.5° 

55° 

52.5° 

43.5° 

32° 

2395° 

16° 

0° 

1 

33° 

34.5° 

36.5° 

41° 

47.0° 

47.5° 

42.5° 

35° 

24° 

17.5° 

11.5° 

0° 

2 

29° 

31° 

32° 

36° 

42^^ 

40° 

33° 

26° 

17° 

12° 

8° 

0° 

5 

24° 

25.5° 

26.5° 

29.5° 

32.5° 

28.5° 

23° 

17° 

LL.5° 

7.5° 

4.5° 

0° 

10 

20° 

21° 

22° 

23.5° 

25° 

22° 

16.5° 

12.5° 

7.5° 

5° 

2° 

0° 

20 

16° 

16.5° 

17° 

18° 

20° 

16.5° 

12° 

8 9 

4° 

3° 

2° 

0° 

50 

12° 

12° 

12° 

12.5° 

13° 

10.5° 

7.5° 

6° 

3° 

2° 

1° 

0° 

100 

9° 

9° 

9° 

9° 

9° 

7° 

5° 

3° 

2° 

mm 

1° 

0° 

200 


6° 

6° 

6° 

6° 

mm 

4° 

2° 

1° 


0° 

0° 

500 


4° 

4° 

4° 

4° 

mSm 

3° 

2° 

1° 

19 

0° 

0° 

1000 

3° 

3° 

3° 

3° 

39 


3° 

2° 

1° 

19 

0° 

0° 


0° 

0° 

0° 

0° 

0° 

0° 

0° 

0° 

0° 

0° 

0° 

0° 
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TABLE VI. - MEAN EESPONSE OF HOMDGEHEOUS CYLINDER 
FOR THE CASE OF SURFACE TEMPERATURE DRIVE 



W%,M 

■tan (^-((> 15 ) 

radian 

0.001 

0.999999 

0.00112613 

0.00112610 

.00316228 

.999989 

.00356124 

.00356120 

.01 

.999897 

.0112606 

.0112601 

.0316228 

.998944 

.0355885 

.0355735 

.1 

.989627 

.111904 

.11L441 

.316228 

.910910 

.335156 

.323390 

1.0 

.614989 

.721615 

.625086 

3.16228 

.350850 

.859119 

.709764 

10 . 

.203056 

.922660 

.745194 

31.6228 

.116041 

.957212 

.763540 

100 . 

.0658531 

.976170 

.773340 

316.228 

.0372233 

.986665 

.778686 

1000 . 

.0209930 

.992523 ■ 

.781645 
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TABLE VII. - lAtmiAlTID-CyLINDER CALCULATION 
CASE NUMBERS 



^'^int,2 

Case numbers 
for B = 0.90 
and kg/^l 

Case numibers 
for B = 0.75 
and kgA-l 



5 

10 

20 

40 

80 

5 

10 

20 

40 

80 



Group letter 

Group letter 



A 

B 

C 

D 

E 

F 

G 

H 

I 

J 

0.94916 

0.1 

2 

4 

8 

13 

19 

1 

3 

6 

10 

16 

1.6879 

o.iVio 

7 

U. 

17 

23 

29 

5 

9 

14 

20 

26 

3.0015 

1. 

15 

21 

27 

33 

39 

12 

18 

24 

30 

36 

5.3375 

1. fJlO 

25 

31 

37 

42 

46 

22 

28 

34 

40 

44 

9.4916 

10. 

35 

41 

45 

48 

50 

32 

38 

43 

47 

49 




TABLE VIII. - LIMITS OP VARIABLES FOR 50 SHELL CASES 




Case 

number 

^l^a 

“l^b 

1* 

a^ 

«2Ta 

1 V 

b^ 

agi-b 

Case 

number 

la. 

“l^a 


1 ♦ 

a^ 

“2^a 

“2^b 

PI 

1.5918 

2.1224 

0.71187 

0.94916 

J26 

11.3228 

15.0970 

1.2659 

1.6879 

A2 

1.9101 

2.1224 

.85424 

.94916 

C27 

12.0808 

13.4231 

2.7014 

3.0015 

03 

2.2511 

3.0015 

.71107 

.94916 

Q28 

12.6590 

16,8787 

4.0031 

5.3375 

B4 

2.7014 

3.0015 

.05424 

.94916 

E29 

13.5873 

15.0970 

1.5191 

1.6879 

F5 

2.8307 

3.7743 

1.2659 

1.6879 

130 

14.2373 

10.9832 

2.2511 

3.0015 

H6 

3.1036 

4.2448 

,71187 

.94916 

B31 

15.1908 

16.8787 

4.8038 

5.3375 

A7 

3.3960 

3.7743 

1.5191 

1.6879 

P32 

15.9179 

21 . 2239 

7.1187 

9.4916 

C8 

3.8203 

4.2448 

.85424 

.94916 

D33 

17.0848 

18.9032 

2.7014 

3.0015 

09 

4.0032 

5.3376 

1.2659 

1.6879 

H34 

17.9025 

23.8700 

4.0031 

5.3375 

110 

4.5023 

6.0030 

.71187 

.94916 

A35 

19.1015 

21.2239 

8.5424 

9.4916 

Bll 

4.8038 

5.3376 

1.5191 

1,6879 

J36 

20.1347 

26.8462 

2.2511 

3.0015 

P12 

5.0337 

6.7116 

2.2511 

3.0015 

C37 

21.4830 

25.8700 

4.8038 

5.3375 

D13 

5.4027 

6.0030 

.85424 

.94916 

038 

22.5113 

30.0151 

7.1187 

9.4916 

H14 

5.6614 

7.5485 

1 . 2659 

1.6879 

E39 

24.1616 

26.8462 

2.7014 

3.0015 

A15 

6.0404 

6.7116 

2.7014 

3.0015 

140 

25.3180 

33.7573 

4.0031 

5.3375 

J16 

6.3672 

8.4895 

.7187 

.94916 

B41 

27.0136 

30.0151 

8.5424 

9.4916 

C17 

6.7937 

7.5485 

1.5191 

1.6879 

D42 

30.3816 

33.7573 

4.0038 

5.3375 

010 

7.1187 

9.4916 

2.2511 

3.0015 

E43 

31.8358 

42.4477 

7.1187 

9.4916 

El 9 

7.6406 

8.4895 

.85424 

.94916 

J44 

35.8050 

47,7401 

4.0031 

5.3375 

120 

8.0064 

10.6752 

1.2659 

1.6879 

C45 

38.2030 

42.4477 

8.5424 

9.4916 

B21 

8.5424 

9.4916 

2.7014 

3.0015 

E46 

42.9660 

47.7401 

4.8030 

5.3375 

P22 

8.9513 

11.9350 

4.0031 

5.3375 

147 

45.023 

60.0301 

7.1187 

9.4916 

D23 

9.6077 

10.6752 

1.5191 

1.6879 

D48 

54.027 

60.0301 

8.5424 

9.4916 

H24 

10.0673 

13 . 4231 

2.2511 

3.0015 

J49 

63.672 

84.8955 

7.1187 

9.4916 

A25 

10.7415 

11.9350 

4.8058 

5.3375 

E50 

76.406 

84.8955 

8.5424 

9.4916 
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TABU TI . - 7ALUI3 OF “TgxlJ.E TAHIOOS VALOIS OF jAj AHD 2 


®^lnt,2 


0,1 


O.IXIOO.B . 0.516220 


1 

1X10°'® 

- 3.16228 

10 


jO.5 


0.516226 


0. 

662542 


1 

1.77828 

5.16226 

lnt,2 












“2^h 


0.94916 


1. 

6879 

3. 

0015 

5.5375 

9.4916 

Po 


1,11 


0. 

551015 

0. 

111 

0.0351013 

o.oni 

Fo* 


6.97434 


2.20548 

. 

397454 

0.220548 

0.0697454 

<J&2 

Ja^l 


Blfl 

®a«t,2 

Big 

®^sxt,2 

Big 

”e3rt,2 

Big 

^ext,2 

B*s 





(a) 

(a) 

(a) 

(a) 

(a) 

(a) 

(a) 

(a) 

(aT 

0.OQO1BOO75 

6665.54 

5162.26 

1000X10° 

1.42al0-* 

*>6825 

*>0.255X10"® 

10,000 

0.460X10"® 

1 

17,780 

0. 801X10"® 

31,620 

i.iiao"® 

.oooEosee 

5747.00 

1778.26 

1000X10° 

.283X10‘^ 

*>3182 

*>.450x10"® 

5,625 

.801x10"® 

10,000 

1.42X10"® 

17,780 

2 .siao"® 

,00047466 

2107.15 

1000.00 

1000 

.460X10"^ 

^1778 

®. 801X10"® 

5,182 

1.42X10“® 

5,625 

2.63X10"® 

10,000 

4.6<iao"® 

.00064594 

1164. S2 

582.54 

100X10° 

.eoixio"® 

®1000 

®1. 42X10'® 

1,778 

2.63X10"® 

3,182 

4.60X10"® 

5,823 

,00801 

,00180076 

666.554 

516. 2SS 

iooxio°'° 

1.42X10"® 

^562 

®a. 63x10"® 

1,000 

4.60X10"® 

1,778 

.00801 

3,162 

.0142 

0.0028668 

374.700 

177.628 

100xl0°’86 

2.B3X10-3 

*>516 

*>4.60X10-® 

582 

0.00801 

1,000 

0.0142 

1,778 

0.0283 

.0047456 

210.715 

100.000 

100 

4. 60X10-® 

*>178 

®. 00801 

516 

.0142 

562 

.0253 

1,000 

.0450 

.ooeiM* 

118.492 

®6e.234 

010X10°-^® 

a. 00801 

*>'«100 

*><‘>.0142 

*178 

a. 0233 

*316 

*.0460 

*662 

*.0601 

.0180076 

686.554 

31.6228 

10X1 0°-^ 

.0142 

*>S6.2 

*>.0263 

lOO 

.0460 

178 

.0801 

316 

.142 

.026086 

37.4700 

'll?. 7323 

<*10X10° '20 

'*.0265 

*>31.6 

®.0460 

66.2 

,0801 

100 

.142 

178 

.253 

0.047483 

21.0713 

10,0000 

10 

0,0460 

*>#'*17.8 

®i<*0.0801 

51.6 

0.142 

56.2 

0.253 

100 

0.450 

.034894 

11.6492 

S.8254 

1X10°''^® 

.0801 

*>10.0 

*>.142 

<*17.8 

•*.233 

51.6 

.450 

B6.2 

.801 

,160075 

6.66554 

5.16226 

IJdoO.OO 

.142 

*>6.62 

*>.263 

10.0 

.450 

<*17.8 

'*.801 

51.6 

1.42 

.28666 

3.T4700 

1.77028 

lX10°-26 

.263 

*>3.ie 

*>.480 

5.62 

,801 

10.0 

1.42 

<*17.8 

‘*2.55 

.47456 

2.10713 

1.00000 

1 

.460 

®1.78 

®.eoi 

3.16 

1.42 

B.62 

2.55 

10.0 

4. GO 

0.34394 

1.16492 

0.63254 

o.ixio°-^ 

0.801 

*>1.00 

*>1.42 

1.78 

2.55 

3.10 

4.60 

*6.82 

*8.01 

1.50075 

.688554 

.518226 

.IXIOO.60 

1.42 

*>.662 

*>2.63 

1.00 

4.60 

*1.78 

•a. 01 

5.16 

14.2 

2.8668 

.374700 

.177826 

.lX10°-25 

2.53 

*>.316 

®4.50 • 

*.562 

•s.oi 

1.00 

14.2 

1.78 

26,5 

4.7466 

,210713 

.100000 

.1 

4.50 

*><*.173 

®>ae.oi 

,316 

14.2 

.562 

26.5 

1,00 

45.0 


*Appro3tlmAl)a TaLutSi 

^Inopaulne hHt-tmufar ootfflaluit. R*ad froa top to bottoa, 

“Inortulng nurfaoo radlua Rud fron l«ft to right. 

'^InoreaBlng thtnwQ oonduotlvltT l«rtl of tatlr* oyllDdir. Read along diagonal fro« left to right. 
•iDortaalng b, p, Op, ap, eOp, or «pOp. Hesul along diagonal froa left to right. 


to 

Ol 
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TABU X. - SMFlil IBH BLOOE dOICATHtO DOtOUTlOH 01 Tmz EXBUDES 



37iii)olsi 

product of nng cl a r frowsno? and Intamal tlM oonstast In bomoeeneouB oxllnder taarlne propei^ta of utarl&l fi (tho ihtU BatarlAl In the oas« of 
the luLnated ojrllnderj 


0)T«xt,& product of tnsular froquanor and extomal (conrentioncl) time ooDstant In hoaoasneouB cfllndcr harlnc TOluactrlc gpaclflc boat e<iual to tbat of 
tltbor mateid.alj the volume trio ipeolfic heata of BatirlalJi 1 and 2 are aaauMO equal In tbla work 

p ratio of ooro to over-all radluo 

ka/ki ratio of thermal conductleity of natarlal 2 to that of aatorlal 1 

TT2,h relative aaan aaplltude In hOMgeneaoB natorlal 2 cylinder or In aaterlal 2 ebell of laainatad cylinder 

tan Vg tangent of pbneo oblft (lag) angle in cylinder or ebell In >fhloh aaplltude la Ifg^n 

^ phaaa iblft (leg) angle In cylinder of ehell In which anpUbide la radlana 

?lg relative amplitude In hoBogene«xa cylinder having volumetric apeelflo beat of eltber matorlal and Infinitely great thermal oonduoWlvltyi the vol- 

umetric apacinc haata of matarlale 1 and 2 are aaaumed equal In thla work 


db attenuatlca, deolbeli. In cylinder In which aaplltuda la (note tangent of pbaaa leg angle In thla caae iquala WTut q) 
tg phaae ehlft (lag) angle In cylinder In which amplitude la Dg , rmdlann 


relative amplltuflo at aurfaae of material 1 oylludor 
tan q>|,,l tangent of phaie ahlft (lag) angle at anrfaoe of material 1 oyllnder 
^,1 ■ ' phaae ahlft (lag) angle at aurfaae of material 1 oyllnder, radlaim 
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CO 

C0 

CO 

CO 


TABLE X. - RESPONSES OP CYLINDERS 


[The nvunher 
as printed 


to the left of each entry denotes the power of ten by which 
la to be multiplied. Example: -1 9,7420 is actually equal 


each entry 
to 0.97420.] 


(^)‘^lnt,2 - 0.1 




Hoatogeneqia 

oyllodert 

Leolnatod oyllndir I 

0 

1 




Flrsi order 


! i 

10 

00 

^ L 

?? 1 

-1 

1 . 000 

-1 

9.7436 

1.00 

- 1 

9 . 8'2 9 0 1 

-1 

9 . 8415 

-1 

9 . 7846 

-1 

9 . 7948 

-1 




-1 

2.1149 


-2 

7.1027 

“3 

4 .813 8 

-a 

3. 8829 

-3 

3. 3160 

-a 





.3084 





.0481 


. 0328 


. 0332 


.0184 





.90 

- 1 

9 .8357 

-1 

9.8087 

-1 

9.8861 

-1 

9 r 7680 

-1 

9 .8873 






-8 

9.7118 

•8 

7 . 4838 

-a 

5. 7013 

-8 

4 . 8700 

-a 

3 .9508 









. 075 


. 057 


. 047 


.040 



-1 

9 . 9 S 04 

.75 

-1 


-1 

9.5991 

“1 

9 • 8481 

-1 

9. 7394 

“1 

9 .7947 



-3 

4.3214 


-1 

1 . 3353 1 

-1 

1.1808 

-8 

9 . 8885 

-8 

8 . 5318 

-8 

7.6048 



-a 

9 .9889 



■m 


.115 


. 097 


. 085 


• 076 

- 1 

1.778 

-1 

9 . 5888 

1 .00 

~1 

9 .3393 

-1 

9.3881 

-1 

9. 5141 

-1 

9 . 8371 

-1 

9 . 7320 



-1 

2.8899 


-1 

1 . 8899 

“2 

8.3348 

-2 

5.8888 

-8 

4 . 0579 

-8 

2 • 6900 




.2813 



.1324 


.0638 


. 0588 


. 0408 


• 0389 





.90 

“1 

9 . 3598 

-1 

9.3518 

-1 

9.4857 

-1 

9 . 8156 

-1 

9 . 7138 






-1 

1 .5829 

-1 

1 .800 5 

-2 

9 . 2898 

“8 

7 . 8135 


8 .4788 







.155 


.130 


. 098 


.078 


.085 



-1 

9 .8456 

.75 

-1 

9 . 4819 

“1 

9 .3857 

-1 

9.4488 

“1 

9 . 5733 

-1 

9 • 8719 



-1 

1.3531 


-1 

3 . 0094 

-1 

1.7431 

rl 

1 . 4885 

-1 

1 . 3018 

-1 

1.1983 



-1 

1.7599 



. 198 


.173 


. 148 


. 130 


• 119 

-1 

3.188 

-1 

9.1587 

1 .00 

-1 

8 .7901 

-1 

8 . 689 8 

-1 

9 . 1493 

-1 

9 . 3837 

-1 

9 .5861 



-1 

4.2881 


-1 

2.0894 

-1 

1.4159 

-a 

9.7487 

-a 

7 . 0323 

>8 

5.0359 




.4034 



.2080 


.1407 


. 0978 


. 0701 


..0503 





.90 

-1 

8 .8546 

-1 

6 .8878 

-1 

9. 1808 

-1 

9 . 3382 

-1 

9 « 5088 






-1 

8.5575 

-1 

1 . 959 5 

-1 

1. 5198 

-1 

1 . 3853 

-1 

1.0648 







.250 


.194 


. 158 


.128 


• 108 



-1 

9.6348 

.75 

-1 

8 .9585 

-1 

8.9138 

-1 

9 . 0815 

-1 

9 . 3881 

-1 

9 .4833 



-i 

4.1393 


-1 

3 . 1885 

-1 

8.7369 

-1 

8. 3183 

-1 

3.0750 

-1 

1 .9342 



-1 

3 .0828 



.307 


. 887 


. 888 


• 805 


• 190 

- 1 

5.833 

-1 

8 .2858 

1.00 

-1 

7 . 8884 

-1 

8.0995 

-i 

8. 5385 

-1 

6.8948 

-1 

9.1783 



-1 

8.7189 


-1 

3 . 4433 

-1 

8.3384 

-1 

1 . 8311 

-1 

1.1918 

• a 

6 . 8457 




.5918 



,3315 


.889 1 


. 1817 


. 1188 


* 0668 





.90 

- 1 

7.9413 

-1 

8 .0797 

-1 

0.4781 

-1 

8 . 8348 

-1 

9*1115 






-1 

4 . 1838 

-1 

3.1743 

-1 

8*4933 

-1 

3 .1040 

-1 

1.0842 







.395 


.307 


. 244 


. 307 


.181 



-1 

8.7183 

,76 

- 1 

8 .0535 

-1 

8.0854 

-1 

0 . 3349 

-1 

8 • 8818 

-1 

0.9138 




1.1933 


-1 

5.1021 

-1 

4 . 373 4 



-1 

3 . 3770 

-1 

3.1889 



-1 

5.1237 



. 472 


.418 

■ 



. 388 


• 308 


1.000 

-1 

8.8739 

1.00 

-1 

8 .4700 

-1 

5.9040 

-1 

7 . 5701 

-1 

6 . 1307 

-1 

8 . 5877 




1 .1077 


- 1 

5 ,4133 

-1 

3 . 887 3 

-1 

2 . 884 8 

-1 

1. 9803 

-1 

1.4485 




.8385 



. 4982 


.3515 


. 8587 


. 1938 


.1438 





.90 

-1 

8 .5003 

-1 

8 . 0101 

-1 

7 . <i 33 

-1 

7 . 9592 

-1 

8 .4008 






-1 


-1 

4.9698 

-1 

3. 9890 

-1 

3 . 4378 

-1 

3.0316 







.583 


. 483 


. 380 


. 331 


• 393 



-1 

7 .3711 

.75 

-1 

8.5489 

-1 

5 . 8730 

-1 

7. 0989 

-1 

7 . 5592 

-1 

7. 9860 




3.0103 


- 1 

6 .8040 

-1 

8.9301 

-1 

5. 9448 

-1 

5. 4888 

-1 

5 . 3148 



-1 

7.8540 



.887 


. 808 


. 538 


. 502 


.481 


1.778 

-1 

4.8711 

1 .00 

-1 

4 . 7888 

-1 

5.3838 

-1 

8 . 8171 

-1 

8. 9670 

-1 

7 . 8813 




1.8637 


- 1 

7 . 9841 

-1 

5.4076 

-1 

3. 9930 

-1 

3 .0755 

-1 

8.3353 




1.0626 



.8738 


.4957 


. 3798 


• 2904 


.3294 





.90 

-1 

4.7348 

-1 

5.1887 

-1 

5.9078 

-1 

8. 8084 

-1 

7 .8138 






-1 

9.9495 

-1 

7.4435 

-1 

8. 0970 

-1 

5. 4113 

-1 

4 .0934 







.783 


.840 


. 548 


. 498 


.455 



-1 

4.9018 

.75 

-1 

4 .8753 

-1 

4.6914 

-1 

5. 3837 

-1 

5 .9075 

-1 

8 -. 3337 




8.1933 



1.2849 


1.0814 

-1 

9 . 1916 

-1 

8 . 8994 

-1 

6 .4515 




1.0586 



. 910 


• 815 


. 743 


.718 


.703 
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TABLE X. - Continued. RESPONSES OP CYLINDERS 

[The nuinber to the left of each entry denotes the povfer of ten by which each entry 
as printed Is to be multiplied. Example: -1 9.7420 is actually equal to 0.97420.] 

(a) Continued. 2 “ ^.1 


^^ ext ,2 


_ 

LanlnatAd oyUnder 

trllnim 

8 


iismot 

Kirst order 





?? 1 


3.162 

“1 

9.9196 

1.00 

-1 

3 . 1661 

-1 

3-7640 

-1 

4 . 6363 

-1 

5 . 5075 

-1 

6 . 3564 




3.9609 



1.0893 

-1 

7.3762 

-1 

5. 6463 

-1 

4.5884 

-1 

3 . 5618 




1.9733 



.8281 


.6355 


. 5140 


. 4847 


. 3488 





.90 

- 1 

3 .0818 

-1 

3.5158 

-1 

4 . 2160 

-1 

4 . 9144 

-1 

5 . 5748 







1.4011 


1-0341 

-1 

8 . 7351 

-1 

8.0406 

-1 

7.5347 







.951 


.802 


. 717 


. 677 


. 645 




3 . 0151 

.75 

-1 

3 .9875 

-1 

3 - 3084 

“1 

3. 6890 

-1 

4.0731 

-1 

4.4407 



1 

1.0414 



1.9141 


1 . 534 8 


1. 3447 


1.3159 


1.3183 




1.8645 



1.089 


.993 


. 931 


. 9 31 


.982 




1.7173 

1.00 

-1 

1 .9592 

-1 

2. 4348 

-1 

3 . 1437 

-1 

3 . 9369 

-1 

4.8066 







1 .3701 

-1 

9 . 2747 

-1 

7.3618 

-1 

6. 1490 

-1 

5 . 0544 




1 . 397 S 



. 9403 


.7478 


. 6346 


. 5513 


.4680 





.90 


1.8731 

-1 

2 . 3037 

-1 

2 . 7333 

-1 

3.8846 

-1 

3 . 8383 







1 . 8229 


1. 3270 


1. 1545 


1 . 1094 


1.0819 







1.069 


.925 


. 857 


. 837 


. 835 





.75 

-1 

1 .7860 

-1 

1.9463 

-1 

3.8453 

-1 

8. 5487 

-1 

8 . 8015 




1.5135 



3 . 6604 


8.0608 


1.8390 


1 . 8614 


1.9383 




1.3940 



1 .211 


1 .119 


1 . 071 


1.078 


1.095 



-2 

9.8404 

1.00 

-1 

1 .1530 

-1 

1..474 1 

-1 

1 . 9798 

-1 

2. 5803 

-1 

3 . 3044 




1 .0070 



1.6083 


1.0844 

-1 

8.8787 

-1 

7 . 7088 

-1 

6 . 6187 




1.4718 



1 . 0188 


.8259 


. 7861 


. 6567 


. 5843 





.90 

-1 

1.0946 

-1 

1.3126 

-1 

1. 6631 

-1 

2 . 0324 

-1 

a .4161 







8. 1965 


1 .579 8 


1. 4188 


1 . 4183 


1.4372 







1 . 144 


1.007 


. 955 


. 955 


.963 





.75 

-1 

1 .0336 

-1 

1 .1373 

-1 

1. 3848 

-1 

1 . 5099 

-1 

1 . 6635 




3.0043 



3,4173 


8.5599 


2. 2998 


8. 4340 


8. 6436 




1.4711 



1.886 


1.198 


1. 161 


1.181 


1.809 




5.5793 

1.00 

-3 

6 .6558 

-8 

8 .6582 

-1 

1. 1888 

-1 

1 • 5890 

-1 

8.1045 







1 .7711 


1.1985 


1. 0048 

-1 

8 . 9900 

-1 

7.9996 




1.5147 



1.0568 


.8754 


. 7875 


. 7333 


. 6747 





.90 

-8 

6 . 3798 

-2 

7.6187 

>8 

9.7467 

-1 

1 . 8083 

-1 

1. 4410 







8.4833 


1.7698 


1. 6155 


1 . 6691 


1.7636 







1.188 


1.057 


1. 017 


1. 031 


1 .055 



•8 

5.6145 

.75 

-3 

5.694 3 

-3 

6.519 8 

>8 

7, 6363 

-8 

8.7093 

>8 

9.5958 







4.0789 


8 .964 6 


8. 6903 


8 . 9464 


3.3888 




1.5146 



1.330 


1.846 


1. 815 


1.844 


1.879 




3.1495 

1 .00 

-8 

3 .7956 

-8 

4.9077 

-8 

6. 9313 

-8 

9 . 4117 

-1 

1.3787 







1.8836 


1 . 273 8 


1. 0841 

-1 

9.9175 

-1 

9 . 0694 




1.5393 



1.0885 


.9053 


. 8257 


. 7813 


. 7366 





.90 

-8 

3.5686 

-8 

4 . 3585 

-8 

5 . 6057 

-8 

6.9449 

• a 

8.3538 







3.6805 


1 .898 4 


1 . 7580 


1.8596 


8.0883 







1.814 


1.086 


1 . 054 


1 .077 


1.118 





.75 

-3 

3 . 3379 

-3 

3.7036 

-3 

4.3417 

-3 

4 . 9603 

-8 

5.4638 







4 .5672 


3 .3555 


3. 9757 


3 .3434 


3.8974 




1.5398 



1 .355 


1 . 373 


1. 847 


1.880 


1.380 





1.00 

- 8 

8.1509 

-8 

8 . 8427 

-3 

3 v 9786 

-8 

5. 4497 

-2 

7 .4591 







1 .9517 


1 .3805 


1. 1349 


1 . 0588 

-1 

9.8068 




1.5530 



1 .0973 


.9887 


. 8485 


. 8111 


.7756 







8 .0188 

-2 

8.4699 

>8 

3 . 1918 

-3 

3 . 9681 

-8 

4.7737 







8 . 8059 


1.9793 


1. 8499 


1 . 9871 


3.3040 







1 . 388 


1.103 


1 . 075 


1.105 


1.145 





.75 

-8 

1.6840 

-2 

2.0938 

-8 

3. 4575 

-2 

8 . 8079 

>8 

3 .0915 







4.9084 


3. 4461 


3. 1648 


3 - 6180 


4 . 3138 




1.5530 



1 . 370 


1 . 288 


1 . 865 


1.301 . 


1.343 


2922 
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TABIiE X. - Continued. RESPONSES OF CYLINDERS 


[The number to the left of each entry denotes the power of ten by which each entry 
as printed Is to be multiplied. Example: -1 9.7420 is actually equal to 0.97420.] 


(a) Concluded. (jJT^ 


- 0.1 


8 1 

-8 

1 

. 2147 


1 

. 9938 


1 

. 1057 

-2 

1 

. 1364 


3 

. 6617 


1 

. 337 

-2 

1 

.0616 


5 

. 1136 


1 

. 378 


S .6198 

1.7719 

1.6653 


5.6233 

4.5000 

1.5653 


3.1611 

3.1501 

1.5676 


3 .1633 
5.0000 
1.5676 


-3 

8 

1.7779 

5.6009 

1.5690 

-3 

1 

1.7783 

5.5000 

1.5690 

-4 

8 

9.9966 

9.9593 

1.5698 

-3 

1 

1.0000 

6.0000 

1.5698 

-4 

3 

5.6330 

1.7710 

1.5708 

-4 

1 

5.6334 

6.5000 

1.5703 


-3 

6 .6473 
3.0167 
1 . 1105 

-3 

6 . 4129 
2 .9868 
1.343 

- 3 

5.9763 

5.2407 

1.383 

-3 

3 . 6556 
8 .0304 
1 .1133 

-3 

3 . 6096 
3 . 9518 

1.344 

-3 

3.3627 
5 .3150 
1 .385 

-3 

8 . 1696 
3 .0362 
1 . 1147 

-3 

3.0310 
3 . 9664 
1 . 346 

-3 

1.6916 
S . 3577 
1.386 

-3 

1 . 8807 
8.0486 
1 .1155 

-3 

1.1484 
8 . 9747 
1 . 247 

-3 

1 .0639 
5.3881 
1 .387 


-2 1.6106 
1.3483 
.9386 

-2 1.3959 

3.0380 
1.113 

-8 1.1805 

3.5635 
1.297 


7 . 8716 
3.0564 
1.118 


3. 8638 
1. 1656 
. 6617 

1 . 8067 
1. 9059 
1 . 088 

1 . 3869 
3.8833 
1 . 875 


•3 1.8809 

1. 1836 
. 8693 

-8 1. 0198 

1. 9389 
1 . 095 

“3 7.8144 

3. 3583 
1. 881 


-8 3.1153 

1 . 0906 
. 8887 

•a 8.3456 
8. 0669 
1.180 

-8 1.5846 

3 .7933 
1. 313 


4 « 3935 
1.0877 
. 7990 

8.7077 

8.3815 

1.164 

1.7448 

4.5880 

1.356 


5.1865 
1.3737 
• 9416 

4.4333 
8 .0788 
1.181 

3.7423 

3.6735 

1.305 


3.8867 
1 .379 0 
. 9434 

8.4958 

8.0881 

1.183 

2. 1055 
3.6966 
1.307 


1 . 4 
8.0873 
1.134 

1.1844 

3.7097 

1.306 


7. 889 
1 . 194 
. 6736 


4. 0736 
1. 1999 
. 8760 

3. 8354 
1. 9689 
1. 101 

3. 4753 
3. 4163 
1 . 866 


8 . 8933 
1. 8033 
.8774 

1. 8806 
1. 9751 
1. 108 

1. 3984 
3. 4896 
1 . 887 


6 . 8660 
8.0451 
1.1160 

6 .4858 
3 . 9794 
1 . 847 

5.9837 

5.3950 

1.366 


6 . 6618 
3.7171 
1.306 


-3 

1. 8905 
1. 8051 
. 6788 

-3 

1 . 0848 
1. 9786 
1. 103 

-4 

7. 8318 
3. 4371 
1. 868 


>8 

1 . 7681 
1.1131 
. 8368 

•8 

1 . 8683 
8 . 1146 
1 . 189 

-3 

a . 9885 
3. 8997 
1. 380 

-3 

9. 9939 
1 . 1861 
. 8446 

-3 

7 . 1493 
3.1485 
1.134 

-3 

5. 0361 
3 • 9688 
1.334 

-3 

5. 6364 
1.1336 
. 8479 

-3 

4 . 0858 
8. 1585 
1 . 137 

*3 

8. 6881 
3. 9988 
1 . 386 

-3 

3. 1747 
1.1378 
. 6498 

-3 

3. 8656 
8. 1676 
1.139 

-3 

1 . 5909 
4 .0187 
1.327 


-2 

8.4463 


1.0561 


. 8187 

-2 

1.5899 


8.3938 


1.175 

-3 

9.8863 


4.7589 


1.364 


•8 

1.3858 


1.0788 


• 8805 

-3 

8 . 6356 


7 • 8851 
1 . 0 B 8 S 
* 8850 

4 . 8576 
8.4600 


3.1180 
4 .9800 
1.370 


1.7506 

4.9539 

1.378 


1. 7869 
1. 1402 
. 8506 

1. 8746 
8. 1787 
1.140 

8 . 9480 
4 . 0304 
1. 388 



EuH 




RBl 

-4 3 

6136 

3 

9830 

1 

247 


5.1405 

1.3646 

.9453 

4.4413 

8.0980 

1.185 

3.7468 

3.7813 

1.300 


7. 3594 
1. 3063 
. 678 6 

5. 7604 
1. 9805 
1. 103 

4. 4045 
3.4413 
1. 868 
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TABLE X. 


Continued. RESPONSES OP CYLINDERS 


[The number 
aa printed 


to the left of each enti*y denotes the poiver of ten by vjhlch 
Is to be multiplied. Example: -1 9.7420 Is actually equeil 


each entry 
to 0.97420.] 


(b) 0JTint,2 ■ 0.316228 



floBogeceoo 

OTllDdftrt 

lABlnated oyllndftr 1 

8 




k'lrst ortter 



15 

20 

55 

s 

-1 

1.778 

-1 

8.5782 

1.00 

-1 

9.4635 

-1 

9 . 599 4 

-1 

9 . 7085 

-1 

9 • 7824 

-1 

9.8485 



-1 

5.0600 


~2 

6.4140 

-8 

4 .6475 

-8 

3. 8433 

-8 

8. 3081 

-a 

1.6408 




.4684 



.0641 


.0454 


» 0334 


• 0831 


.0164 





.90 

-1 

9.2936 

-1 

9 . 469 6 

-1 

9 . 5994 

-1 

9.7055 

-1 

9.7836 






-1 

1 . 1772 

-2 

9 .5679 

-2 

8. 0687 

-8 

7 . 0094 

>8 

6.8897 







.117 


.095 


. 081 


• 700 


.068 



-1 

9.8455 

.75 

-1 

6 .979 3 

-1 

9.8497 

-1 

9 • 4180 

-1 

9 . 5464 

-1 

9. 6449 



-1 

1.3581 


- 1 

2.0713 

-1 

1 • 8306 

-1 

1. 6819 

-1 

1 . 5733 

-1 

1. 4948 



-1 

1 . 7 S 99 



. 304 


.181 


. 167 


• 156 


.148 

-1 

3.162 

“1 

6.0956 

1 .00 

-1 

9.0618 

-1 

9 .8978 

-1 

9.4765 

-1 

9 . 6161 

-1 

9 • 7815 



-1 

6.3897 


-1 

1.09 64 

-8 

7. 8481 

-8 

5. 6390 

-a 

4.0368 

-8 

8 . 8887 




.5686 



.1098 


.078 3 


. 0563 


. 0403 


• 0888 

■ 




■rn 

-1 

8 . 8953 

-1 

9.1647 

-1 

9 . 3661 

-1 

9 . 5888 

-1 

9 ^ 6505 






- 1 

1.7896 

-1 

1.4715 

-1 

1. 8561 

-1 

1 . 0977 

-8 

9 • 8856 

1 






.177 


.146 


. 125 


. 109 


.098 

■ 


-1 

9.5346 


-1 

8.5653 

-1 

8 .9067 

-1 

9 . 1351 

-1 

9 . 3109 

-1 

9 • 4467 



-1 

4.1393 


-1 

2 .8858 

-1 

8.5783 

-1 

8. 3917 

-1 

8. 8545 

-1 

8.1544 

1 


-1 

3.0686 

■ 


.281 


.258 


. 835 


. 888 


* 818 

■ 

mu 

-1 

7.2386 


-1 

8.3908 

-1 

8.7839 

-1 

9 . 0880 

-1 

9 . 3876 

-1 

9 .5108 


hhbhh^h 

-1 

6.7541 

HHHHH 

-1 

1.6843 

-1 

1.3860 

'8 

9 . 6468 

•>8 

6. 9746 

-8 

5 .0191 




.7191 



.1804 


.1318 


. 0968 


. 0696 


• 0501 






-1 

6 . 8053 

-1 

8 .6809 

-1 

6 » 9394 

-1 

9 . 1976 

-1 

9.3946 






-1 

2.7807 

-1 

2.3831 

-1 

a . 0091 

-1 

1 . 7758 

-1 

1.6033 







. 371 


. 838 


. 198 


.176 


• 159 



-1 

8.7163 


-1 

7.6841 

-1 

8 .8688 

-1 

8 . 5861 

-1 

0 . 8357 

-1 

9.0311 




1.1933 

^^bhhh 

-1 

4 .3375 

-1 

3.8302 

-1 

3. 5976 

-1 

3. 4853 

-1 

3 .8994 


■ 

-1 

5.1887 

■ 


.400 


.366 


. 345 


. 330 


*319 

1 


m 

5.8693 


-1 

7 . 3483 

-1 

7.9547 

-1 

8. 4431 

-1 

8 . 8389 

-1 

9.1469 






-1 

8.9109 

-1 

8.1660 

-1 

1. 6066 

-1 

1 . 1806 

-3 

8.6053 

1 



mEtSQ 



. 8833 


. 8133 


. 1593 


. 1175 


.0888 

■ 





- 1 

7.1010 

-1 

7.7000 

-1 

8 . 1813 

-1 

8 . 5888 

-1 

8*8998 






- 1 

4 . 8876 

-1 

3.6637 

-1 

3. 8887 

-1 

8. 8983 

-1 

8 . 6518 

1 






.405 


. 351 


. 318 


. 888 


.859 

■ 


BH 

7.3711 


-1 


-1 

7 .1689 

-1 

7 . 5836 

-1 

7 . 9199 

-1 

8.1895 






-1 


-1 

5.8395 

-1 

5. 5804 

-1 

5. 3876 

-1 

5.8480 

1 

■ 

B 


■1 




. 589 


. 509 


.494 


• 483 

■ 

1-778 

-1 

4.2326 


-1 

5.938 3 

-1 

6.7383 

-1 

7. 4435 


8. 0494 

-1 

8 • 5485 




3.0436 

HHHBH 

-1 

4 .3770 

-1 

3.3645 

-1 

8. 5675 


1 . 9339 

-1 

1 .4365 




1.1157 



.4186 


.3846 


. 8513 


. 1910 


.1489 






-1 

5.5981 

-1 

6.3837 

-1 

6. 9566 

-1 

7 . 5159 

-1 

7 . 9813 






-1 

6.3743 

-1 

5 . 6175 

-1 

5. 0849 

-1 

4 .6719 

-1 

4 . 3564 







.568 


.518 


. 470 


.437 


.411 



-1 

4.9016 


-1 

5 .0385 

-1 

5.5947 

-1 

6. 0428 

-1 

6.4803 

-1 

6 . 7317 




6.1933 


-1 

9.3509 

-1 

8 . 8553 

-1 

8 . 6710 

-1 

8 . 5485 

-1 

8 .4618 




1.0585 

■ 


.752 


.785 


. 714 


. 707 


. 708 


3.168 

-1 

8.7306 


-1 

4.3331 

-1 

5.8151 

-1 

6. 0730 

-1 

6 . 8848 

-1 

7.5968 




3.3732 

hhhsh 

-1 

6 .1065 

-1 

4 . 8842 

-1 

3 • 8686 

-1 

3 .0161 

-1 

8*3117 




1.8836 



.5483 


.4543 


. 3691 


. 8989 


• 8878 






-1 

3 .9534 

-1 

4 . 6605 

-1 

5. 3889 

-1 

5 . 9518 

-1 

6 . 5118 





^^mm 

-1 

6 . 9181 

-1 

6 . 1667 

-1 

7. 6591 

-1 

7 . 8687 

-1 

6 . 9706 







.786 


.685 


. 654 


. 629 


• 609 



-1 

3.0151 


-1 

3.4178 

-1 

3.8779 

-1 

4 . 8533 

-1 

4 . 5773 

-1 

4 .8491 




1.0414 



1.3844 


1. 8955 


1. 3109 


1 . 3290 


1.3498 




1.3645 



.984 


.913 


. 919 


. 986 


• 933 


2922 
































2922 


mCA TN 3514 


TABLE X. - Continued. RESPONSES OP CYLINDERS 


[The number to the left of each entry denotes the power of ten by which each entry 
as printed is to be multiplied. Example: -1 9.7420 is actually equal to 0.97420.] 


(b) Continued. 0)T,_4. 


0.316228 


Bo9oeen«cu0 


1.6495 
5.7377 
1 . 39 B 8 


8.887 2 
7.0611 


>8 9.614 

9.942 
1 . 470 < 


9 . 950 ^ 

8 . 004 ' 

1 . 471 : 


-2 5.5060 

1 1.7480 

1.5135 


5.6145 
8.5014 
1 .5146 


3.1861 

3.0716 

1.5383 


-8 3.1607 

1 3 .0004 

1.5398 


1 , 767 ( 
5.4 36 : 
1.5584 


1.7700 
3 .500 
1.5530 



. 835 

“1 

2.4473 
1.7837 
1 .060 


-1 

1 . 

.7960 

-1 

9 . 

.3538 



.7520 

-1 

1 . 

.5474 


1 . 

. 3953 
.949 


1 . 8668 
8 . 1689 


-1 

3 . 

.044 6 

-1 

6 . 

, 9737 



. 6090 

-1 

2 . 

. 8867 


1 . 

. 4101 



. 954 


8.8813 
1 .158 


-1 

1.0697 
1.0483 
. 8089 

1 1 

1.4435 

9.3421 

.7514 

1 1 

1 . 9158 
8 . 3363 
. 6943 

-8 

9 . 0687 
1 . 5706 
1.006 

-1 

1 • 1315 
1. 6145 
1.016 

-1 

1 . 3633 
1 .7048 
1 . 040 

>8 

7 .3897 
8.5040 
1.191 

-a 

8.4686 

8,7141 

1.818 

-8 

9 . 3683 
3. 0966 
1. 858 

-8 

6.3138 
1.1845 
. 8439 

•8 

8.4956 

1.0885 

.7965 

-1 

“1 

1 . 1493 
9 . 3457 
. 7616 

-8 

S . 3155 
1 .7051 
1.040 

-3 

6.5370 

1.7838 

1*060 

~8 

7 . 9054 
1. 9388 
1.093 

-a 

4.1047 
8.7447 
1 .221 

-8 

4 . 8341 
3 .0416 
1. 853 

-2 

5. 3454 

3. 5749 
1. 398 

- 2 

3.5573 
1.1734 
. 8646 

-8 

4.9030 

1.0800 

.8836 

-2 

6. 7051 
1. 0037 
. 7878 

-8 

8 . 9698 
1.7858 
1.060 

-8 

3.7302 
1 . 8930 
1 .084 

-a 

4. 5188 
3 . 0905 
1 . 185 

-3 

3.3736 
3.9034 
1 . 839 

-3 

8.7418 
3.3643 
1 .274 

-2 

3 . 0398 
3 . 9168 
1. 381 



-1 

6 .8888 

-1 

3.5097 


.3375 

-1 

4.7003 

1.0635 


. 816 

-1 

3 .1103 
3.0766 
1.138 


8 . 5169 
7 . 3776 
• 6356 

1 . 6048 
1. 8360 
1 .078 

1. 0131 
3.5459 
1. 896 


1 . 5490 
8. 5476 
.7073 

9 . 3865 
8.1518 
1 . 136 

5. 7794 
4 . 2398 
1 • 339 


9 . 1741 
9 . 3846 
. 7637 

5 . 3380 
8. 3888 
1.174 


4 . 7353 
4.9538 
• 4599 

3.0488 

1.5178 

.988 

1. 8605 
3.0153 
1.851 


3.8495 
6.4434 
• 5784 

1. 8371 
8.0004 
1.107 


-1 

8.0676 

-1 

7 .7554 


. 6596 

-1 

1.0701 

3.4388 


1.188 

-3 

6 .1334 
5 .0638 
1.376 


-8 3.8738 

4 . 7671 
1.364 


1.8500 
8 .7584 
. 7193 

6 . 1850 
8 . 7885 
1 . 886 

3 . 4719 
5 . 8798 
1.408 


9.9645 

9.6408 

1.5604 


9.9995 

4.0000 

1.5608 


3.0806 
1.8013 
. 8766 

8 1.6811 

1.8346 
1.073 

8 1.3408 

2.9997 
1.249 


-8 2.7976 

1*1152 
.8398 

-8 8.1146 

1 .9617 
1 .099 

-a 1.5485 
3.4048 
1.885 


'8 3.8494 

1.0478 
. 8085 

-8 8.5636 

3. 1910 
1. 143 

-2 1.7111 

4. 1408 
1 . 334 


-8 5.3125 

-1 9.9314 

. 7880 

-a 3.0899 
8 . 5361 
1 . 195 

-3 1.8481 

5.1866 
1 . 378 


-8 7.3357 

-1 9.4453 

• 7569 

-8 3.4763 

3 .0888 
1.351 

•8 1.9591 

6 .4661 
1.417 
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TABLE X. - Continued. RESPONSES OP CYLINDERS 

[The niunber to the left of each entry denotes the power of ten by which each entry 
as printed Is to be nniltlplled. Example: -1 9.7420 Is actually equeil to 0.97420.] 

(b) Concluded. 2 “ 0.31G228 


““ 



Lkmlnated cylinder { 




8 

!? a 55 1 



FlTBt oz 4 «r 


“ 

B 


« 

f 

2 

1.778 

-3 

5.6123 


-2 

1.1427 

-2 

1.5661 

-8 

2. 1900 

-8 

3 . 0371 

-8 

4.8168 



3 

1.7118 



1.3181 


1.1360 


1. 0734 


1 • 0366 

-1 

9.8810 




1.5650 



. 8834 


.849 0 


. 8808 


. 7986 


. 7794 





BHI 

-3 

9 . 4894 

-2 

1.1944 

-3 

1.4468 

-8 

1 . 7134 

-8 

1. 9645 







1.8633 


8 .0036 


8. 8580 


8 . 6313 


3 .1768 







1 .078 


1.108 


1 . 153 


1. 308 


1. 866 



-3 

5.6233 

.75 

-3 

7 .5553 

-3 

8 .7297 

-3 

9 . 6443 

-a 

1 . 0415 

-3 

1.1037 




4.5000 



3.0574 


3.4695 


4 . 8775 


5 . 3540 


6 . 8543 




1.5632 



1 .255 


1. 393 


1. 341 


1.386 


1.486 

2 

3.163 

-3 

3.1587 

mi 

-3 

6.4465 

-3 

a .960 5 ' 

-8 

1. 8396 

~2 

1. 7836 

>8 

8.4086 



8 

3.0414 

hhmh^i 


1 . 3878 


1 .1481 


1 . 0887 


1 . 0467 


1.0144 




1.5675 



. 8873 


.8543 


. 6878 


• 6088 


• 7986 






-3 

5 . 3477 

-3 

6.7335 

“3 

8 . 1694 

-3 

9 . 6568 

>8 

1.1077 







1 . 8799 


8.0364 


8. 8879 


8 . 6681 


3 . 8699 







1.082 


1.118 


1. 159 


1. 815 


1. 874 



-3 

3 .1623 


-3 

4.8546 

-3 

4.9160 

-3 

5. 4305 

-3 

5 . 8634 

-3 

6 . 8189 



1 

5.0000 



3.0909 


3.5390 


4. 3569 


5 . 4911 


7.0987 




1.5676 

■ 


1 . 358 


1 . 395 


1. 345 


1.391 


1.431 

2 

5.623 

-3 

1.7771 


-3 

3 .6315 

-3 

5.0518 

-3 

6 . 9964 

-3 

9 . 7448 

-8 

1.3611 



2 

5.4059 



1 .• 8 3 3 3 


1.1550 


1. 0975 


1.0583 


1.0898 




1.5689 



.8895 


.8573 


. 6318 


• 8137 


• 8001 






-3 

3.0107 

-3 

3 .7917 

-3 

4 . 6009 

-3 

5 . 4387 

-3 

6 • 8383 







1 . 8693 


2.0400 


8. 3065 


8.7818 


3 . 3853 









1.115 


1. 168 


1.819 


1.879 



-3 

1.7783 

mam 

-3 


-3 

8.7666 

-3 

3 . 0559 

-3 

3 . 8993 

-3 

3.4957 



1 

5.5000 



3 .1100 


3.5675 


4 . 4061 


5.5714 


7 . 8348 




1.5690 

m 


1.860 


1.396 


1 . 348 


1. 393 


1.434 

3 

mil 

w 

mm 


m 

8.0448 

-3 

8. 8450 

-3 

3. 9485 

-3 

5. 4957 

-3 

7 .6858 



H 




1 .3364 


1.1589 


1. 1085 


1 .0649 


1.0387 




1.5698 



. 8907 


.6589 


. 8341 


.8168 


• 8044 






D 

1 .6948 

-3 

8 .1339 

-3 

a . 5895 

-3 

3.0611 

-3 

3.5110 






ml 

1 . 8947 


3.0477 


8. 3803 


8. 7401 


3.3570 






■ 

1.085 


1 . 117 


1 . 164 


1 * 881 


1.881 



-3 



H 


n 

1.5564 

-3 

1 . 7198 

-3 

1 . 8560 

-3 

1. 9664 






■■ 



3.5837 


4 . 4331 


5 . 6176 


7 .3164 


■ 


1.5698 

■ 


1.861 

■ 



1. 349 


1 • 395 


1*435 



-A 

5.6822 


-3 

1 .1503 

n 


-3 

8. 8196 

-3 

3. 0955 

-3 

4 . 3381 







1.338 3 


1.1611 


1. 1054 


1 . 0687 


1.0436 




1.5708 



.8914 


. 8596 


. 8354 


. 8186 


. 6068 






-4 

9 .5307 

n 

1 . 3005 

-3 

1. 4568 

-3 

1. 7888 

-3 

1.9753 







1 . 8977 


3.0581 


8. 3870 


8 . 7509 


3 .3758 







1.086 

■ 



1. 165 


1 • 888 


1. 883 




5.6234 


-4 

7 .5769 



-4 

9 . 6697 

-3 

1 . 0439 

-3 

1.1060 




6.5000 



3 .1870 


3.5939 


4. 4484 


5. 6439 


7.3634 




1.5708 

■ 


1 . 261 

■ 



1. 350 


1. 395 


1.436 




3.1619 


in 

6.4702 

-4 

9 .0081 

-3 

1. 2490 

-3 

1 . 7484 

-3 

8.4394 







1 .3393 


1.1684 


1. 1070 


1. 0708 


1.0467 




1.5705 


■ 

. 8918 


.8603 


. 6361 


• 6196 


. 8088 







5 .3607 

-4 

6.7587 

-4 

8. 1948 

-4 

9 . 6874 

-3 

1 .1111 







1.8994 


3.0546 


3. 3307 


8 . 7570 


3 . 3855 







1.086 


1 . 118 


1. 166 


1 . 883 


1.884 




3.1633 


-4 

4 . 3614 

-4 

4.9339 

•4 

5. 4384 

-4 

5 . 8710 

-4 

6 . 8199 









3.5961 


4. 4571 


5. 6588 


7 . 3901 




1.5705 

■ 

■ 

litm 


1.300 


1 . 350 


1.396 


1 .436 



-4 

1.7781 


H 

3 .6390 

-4 

5.0668 

-4 

7. 0861 

-4 

9 . 8030 

-3 

1.3727 




5.4034 



1.2397 


1.1631 


1. 1079 


1. 0780 


1.0483 




1.6706 



.8980 


.660 6 


. 8365 


. 8801 


.8090 





.90 

-4 

3.0149 

-4 

3.7978 

-4 

4. 6089 

-4 

5 . 4484 

-4 

6.8488 







1 .9004 


8.0559 


2. 3389 


8. 7604 


3 .3914 







1.086 


1.118 


1 . 166 


1.883 


1. 884 





.75 

-4 

3.3965 

-4 

8. 7691 

-4 

3. 0564 

-4 

3 . 3017 

-4 

3 .4979 







3 .1385 


3.6010 


4 . 4680 


5 . 6678 


7 .4058 




1.5706 



1.868 


1.300 


1. 350 


1.396 


1.437 


2922 
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TABLE X. - Continued. RESPONSES OF CYLINDERS 

[The number to the left of each enti^r denotes the power of ten by which each entry 
as printed is to be multiplied. Example: -1 9.7420 is actually equal to 0.97420.] 

(°) ^^int,2 - 1-0 


^ext ,2 

HoawgeDeooa 

LamlsatM oyllndcr | 


KXAOC 

fi 



Vlrst order 



10 

» 

iO 

eo I 

5 TTT 2 

-1 

5 T 4670 

1 .00 

-1 

9 . 4203 

-1 

9.5730 

-1 

9. 6898 






-1 

9.6144 


-2 

6.3121 

“8 

4 . 5224 

>2 

3 . 2383 

la 


>8 




.7657 



.0630 


.0462 


. 0323 

H 



.0164 




.90 

- 1 

9.0810 

-1 

9 .2601 

-1 

9. 4456 

-1 

9 . 5865 

-1 






-1 

1 . 6693 

-1 

1. 4627 

-1 

1. 3071 

-1 

1 . 1909 

-1 

1.1055 






. 165 


. 148 


. 130 


.119 


.110 


-1 

9.6346 

.76 

-1 

8 .2598 

-1 

8 .6178 

-1 

8.7974 

“1 

8 . 9868 

-1 



-1 

4.1393 


-1 

3 .6876 

-1 

3. 4655 

-1 

3 . 3031 

-1 

3 . 2237 

-1 

3 .1683 


-1 

3.0626 



.339 


.334 


. 318 


. 312 


• 306 

-1 5.623 

-1 

4.96 11 

1.00 

-1 

8.9924 

“1 

9 .263 3 

-1 

9 . 4541 

-1 

9 . 6047 

-1 

9 .7157 



1.1461 


-1 

1.0755 

-a 

7 .789 0 

“2 

5.6142 

-2 

4 . 0284 

-2 




.6542 



.1071 


.0777 


. 0561 


. 0403 


.0888 




.90 

"1 

6 . 5657 

-1 

8.8976 

-1 

9 . 1601 

-1 

9 . 3619 

-1 

9.5122 





-1 


-1 

2 .1261 

-1 

1. 9815 

-1 

1.7671 

-1 

1 . 6584 








.210 


. 190 


. 176 


• 164 


-1 

6.7163 

.75 

-1 


-1 

6 .110 5 

-1 

8 . 3394 

“1 

8 . 5627 

-1 

8 . 7347 



1.1933 


- 1 


-1 

4 .5296 

-1 

4. 3676 

-1 

4 . 2914 

-1 

4 .2316 


-1 

5.1227 



■fM 


.425 


. 412 


. 405 


.400 

1 .000 

-1 

4.2469 

1 .00 

-1 

8 .2877 

-1 

8 .7150 

-1 

9.0516 

-1 

9.3085 

-1 

9 . 5003 



1.4600 


-1 

1 .7808 

-1 

1.3118 

-2 

9. 5875 

>2 

6.9541 

>2 

5.0118 



.9766 



. 1762 


.1304 


. 0956 


. 0694 


.0501 




.90 

-1 

7.7860 

-1 

8.248 6 

-1 

8. 6264 

-1 

8 . 9245 

-1 

9 .1516 





-1 

3.5588 

-1 

3 . 2185 

-1 

2. 9531 

-1 

2. 7494 

-1 

2.5957 






.348 


.311 


. 287 


. 268 


• 254 


-1 

7.3711 

.75 

-1 

6.8121 

-1 

7.2878 

-1 

7 . 5072 

-1 

7.7649 

-1 

7 .9665 



3.0103 


-1 

6 .2969 

-1 

6.3030 

-1 

6 . 1702 

-1 

6.1283 

-1 

6 .0833 


-1 

7.0540 



.562 


.562 


. 553 


. 549 


• 547 

1.770 

-1 

3.2986 

1 .00 

-1 

7 .8141 

-1 

7 .8565 

-1 

8 . 3879 

-1 

8 . 8086 

-1 

9 .1307 



8.0702 


-1 

8.8166 

-i 

2.1318 

-1 

1 . 5925 

-1 

1.1754 

-8 

8 .5864 



1 . 1206 



. 2747 


.2100 


. 1579 


. 1170 


• 0857 




.90 

-1 

6 . 5776 

-1 

7.1691 

-1 

7.6791 

-1 

8 • 0994 

•1 

8 • 4317 





-1 

5 .3101 

-1 

4.9248 

-1 

4. 6166 

-1 

4 . 3736 

-1 

4.1859 






.468 


. 456 


. 433 


. 412 


• 396 


-1 

4.9016 

.75 

-1 

5.4928 

-1 

5. 8875 

-1 

6 . 1818 

-1 

6. 4450 

-1 

6 • 6540 



6,1933 


-1 

8.9499 

-1 

9.1255 

-1 

9. 1166 

-1 

9 . 1790 

-1 

9 .8863 



1.0566 



.730 


.740 


. 739 


.743 


. 745 

3.162 

-1 

8.3146 

1.00 

-1 

6.7848 

-1 

6.6181 

-1 

7. 3693 

-1 

8 . 0054 

-1 

8 . 5176 



3.1199 


-1 

4.1945 

-1 

3 .2877 

-1 

2 . 5348 

-1 

1 . 9211 

-1 

1.4337 



1 . 2606 



.3972 


.3176 


. 8482 


• 1898 


. 1484 




. 90 

- 1 

5 .0193 

-1 

5. 6478 

■n 


-1 

6. 7893 

-1 

7 .1477 





- 1 

7.6970 

-1 

7. 3833 



-1 

6 . 9283 

-1 

6 .7673 






. 666 


. 636 

mm 



• 606 


• 595 


-1 

3.0151 

.75 

-1 

3.9644 

-1 

4.2775 

-1 

4 . 5238 

-1 

4 • 7408 

-1 

4 .9133 


1 

1.0414 



1 . 3707 


1 . 3309 


1. 3667 


1 • 4068 


1.4386 



1.2645 



.904 


.926 


. 939 


. 953 


• 963 

5.623 

-1 

1.4918 

1 .00 

-1 

RRil 

-1 

5.0949 

-1 

5. 9893 

-1 

6. 8286 

-1 

7 • 5643 



4.9864 


-1 

.'fl 

-1 

4 .729 8 

-1 

3. 7987 

-1 

8. 9867 

-1 

2 • 8997 



1.3729 



HBZ m 


.4418 


. 3630 


. 2902 


• 3860 




.90 

-1 


-1 

3 .9732 

-1 

4. 4857 

-1 

4 . 9536 

-1 

5.3584 








1.0541 


1. 0585 


1.0647 


1.0710 






.618 


. 612 


. 814 


. 817 


.880 


-1 

1.7508 

.76 

-1 


-1 

2 . 8000 

-1 

2. 9666 

-1 

3. 1110 

-1 

3 . 8259 


1 

1.5135 





1.8896 


8. 0113 


2 . 1340 


3.2408 



1,3946 





1.084 


1 . 109 


1 . 133 


1.151 
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TABLE X. - Continued. RESPONSES OP CYLINIIERS 

[The number to the left of each entry denotes the power of ten by which each entiT 
as printed Is to be multiplied. Example: -1 9.7420 Is actually equal to 0.97420.] 

(c) Continued. 2 “ 


ti » Tcxt ,2 

Easoeenaotu 

erllndcri 

Lenina ted eyllnder 

6 

^^1 1 


yiret order 


s 

15 

80 

40 





~^ T ~ 



~= T ~ 



3 . K ^36 

-i 

4.4876 

-1 

5 V 3486 

-1 

6.8485 




6.3055 


-1 

7.3445 

-1 

6.8785 

-1 

5 . 8789 

-1 

4 . 3406 

-1 

3 • 4888 




1.4510 



.6335 


.5606 


. 4857 


• 4095 


. 3351 






-1 

8.1720 

-1 

a . 5437 

-1 

a . 9107 

-1 

3. 8583 

-1 

3 . 5586 







1 . 3466 


1.4051 


1. 4751 


1 . 5490 


1.6807 







.938 


.958 


. 975 


. 998 


1.018 





■m 

-1 

1 .5881 

-1 

1.7085 

-1 

1. 8078 

-1 

1 . 8930 

-1 

1. 9603 







2 .3583 


3.5404 


3 . 630 8 


3. 1135 


3 . 3884 




1.4711 

H 


1 .153 


1.196 


1. 830 


1 . 860 


1.884 




5.3846 


-1 

1.74 10 

“1 

8.8981 

-1 

a . 9870 

“1 

3.7988 

-1 

4 . 6967 




1.4208 


-1 

6 . 6610 

-1 

7.6954 

-1 

6. 7608 

-1 

5 . 8855 

-1 

4 . 9006 




1.5005 



.7138 


.6559 


. 5944 


. 5875 


. 4557 






-1 

1.3006 

-1 

1.5336 

-1 

1.7644 

-1 

1.9798 

-1 

8 .1677 







1.6011 


1.7374 


1. 9058 


a . 0968 


8.8967 





■■ 


1.018 


1.049 


1 . 088 


1.186 


1 .160 






-2 

9 .8974 

-1 

1.0085 

-1 

1 . 0588 

-1 

1. 1067 

-1 

1 .1441 




3.5014 



2 .7823 


3.1879 


3 . 6968 


4 . 8653 


4.8488 




1.5146 

■ 


1.819 


1.367 


1 . 307 


1 . 341 


1. 367 




3.0674 


-1 

1.0374 

-1 

1 . 4011 

-1 

1 . 8774 

-1 

8. 4883 

-1 

3 . 8193 






-1 

9 .6319 

-1 

8 .8140 

-1 

8 . 0868 

“1 

7 . 8131 

-1 

6 . 3554 




1.5303 



.7666 


.7884 


. 6764 


. 6849 


. 5661 






-a 

7 .5681 

-8 

8.9461 

-1 

1. 0309 

-1 

1 . 1571 

-1 

1 . 8669 







1 .7943 


8.0078 


8. 8855 


8 • 6838 


3.0108 







1.068 


1.109 


1 . 158 


1 .807 


1.350 





■Rl 

-a 

5 . 3539 

•3 

5.7643 

-2 

6 . 0791 

-3 

6. 3457 

-a 

6 . 5586 







3.0956 


3.7385 


4.5044 


5 . 4338 


6 .4536 




1.5398 

n 


1.358 


1 .309 


1. 358 


1 . 386 


1 .417 




1.7468 


-8 

6 .0278 

>8 

6 . 8516 

-1 

1 . 1863 

-1 

1 . 5871 

-1 

8.0473 




4 .3369 



1 .0380 

-1 

9.5966 

-1 

8 . 9781 

-1 

8 . 3868 

-1 

7.6890 




1.5477 



.7998 


.7649 


. 7313 


. 6945 


» 6517 






•8 

4 .3358 

-2 

5 .1300 

-8 

5. 9138 

-3 

6 . 6341 

-8 

7 . 8570 







1 . 9359 


8.8018 


8. 5761 


3 . 0585 


3 . 6536 







1.092 


1.146 


1. 801 


1.855 


1.304 





■M 

*>8 

3.0489 

•>8 

3.3804 

•>8 

3. 4568 

-8 

3 . 6046 

-8 

3 .7193 







3 .3587 


4.1478 


5. 1461 


6. 4175 


7 . 9561 




1 .5530 

■ 


1.361 


1.334 


1. 379 


1 . 416 


1.446 


H9VI 




-8 

3 .4585 

-8 

4.7687 

>8 

6. 5718 

•8 

9.0430 

-1 

1.8374 







1.0684 


1.0104 

-1 

9 . 6085 

-1 

9 . 1888 

-1 

8.5979 




1.5577 



.6185 


• 7906 


• 7654 


. 7395 


. 7108 






-i 

8.4637 

•>8 

8.9154 

-8 

3. 3603 

-8 

3. 7681 

•8 

4 . 1187 







8.0091 


8 .3388 


8 . 7753 


3 . 3746 


4 .1548 







1.109 


1.165 


1 . 885 


1 .883 


1.335 






-3 

1 .7866 

-8 

1 . 8567 

-8 

1 . 9550 

~8 

8 . 0378 

-8 

8.1017 







3.5388 


4.4384 


5. 5984 


7 . 1630 


9 . 1661 


■ 


1.5608 

■ 


1 . 395 


1.348 


1. 394 


1.438 


1.468 






-8 

1 . 9616 

-3 

8.7178 

-8 

3. 7738 

-8 

5.8365 

>2 

7 . 8513 







1.0986 


1.0413 


1. 0008 

-1 

9 . 6386 

-1 

9.8598 




1.5634 



.8896 


.8056 


. 7858 


. 7670 


. 7470 







1,3937 

-2 

1 .6490 

-8 

1. 9004 

-3 

8 . 1303 

>8 

8 .3873 











8. 9017 


3 . 5838 


4.5018 





■■ 


1 . 119 


— 


1. 839 


1.399 


1.358 





■Rl 

-3 

9.7471 

-8 

1.0478 

-8 

1 . 1089 

-a 

1. 1493 

-8 

1 .1850 







3.6387 


4.5943 


5 . 8910 


7 . 6644 

1 

1.0088 




1.5658 



1.308 


1.357 


1.403 


1 .441 


1. 471 


2922 
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TABLE X. - Continued. RESPONSES OF CYLINDERS 


[The number to the left of each entry denotes the povier of ten by which each entry 
as printed Is to be multiplied. Example: -1 9.7420 is actually equal to 0.97420.] 

(c) Concluded. CUTj^nt 2 “ 



UQoogeoocus 




cylinder 1 

Exiot ^ 

8 




yipot opocr 


8 1 

1 

!? 1 

^ 1 

50 1 

2 

3.163 

-3 

3.1S38 

1.00 

-2 

1.1095 

-8 

1.5410 

-a 

8. 1465 

>3 

8 . 9937 

-8 

4.1739 



3 

8.4058 



1 . 1066 


1.0595 


1. 0847 

-1 

9 . 9555 

-1 

9 . 6778 




1.5666 



. 8360 


. 8143 


. 7976 


. 7838 


• 7690 





.90 

-3 

7 . 8860 

-3 

9 .3036 

-8 

1 . 0730 

-3 

1 . 8014 

-2 

1.3181 







8.0885 


8.4535 


3 . 9781 


3 . 7135 


4 .7843 







1.134 


1.184 


1 . 347 


1. 308 


1.362 



-3 

3.1633 

.75 

-3 

5.4930 

-•3 

5.9041 

-3 

6 . 8138 

-3 

6. 4734 

-3 

6 • 6736 



1 

5.0000 



3.69 41 


4.697 3 


6. 0699 


7 • 9800 

1 

1.0589 




1.5676 



1 .306 


1.361 


1. 408 


1.446 


1.477 

2 

S . 68 3 

-3 

1.7753 

1.00 

-3 

6 . 3596 

-3 

8.7059 

-2 

1 . 3150 

-3 

1.6998 

-8 

8.3788 



8 

4.8780 



1.1147 


1.0700 


1. 0367 


1 • 0143 

-1 

9 .9308 




1.5685 



.8396 


. 819 8 


. 6044 


. 7935 


.7819 





.90 

-3 

4.4356 


5 .3407 

“3 

6 . 0390 

-3 

6. 7670 

-3 

7 . 3889 







8.1054 

■1 

8.4804 


3. 0839 


3 . 7894 


4 . 8594 







1 . 187 

■ 

1.188 


1 . 851 


1 . 313 


1.368 



-3 

1.77B3 

.75 

-3 

3.0986 

B 

3 . 333 9 

-3 

3 . 4975 

-3 

3 . 6436 

-3 

3.7559 



1 

5.5000 



3.7296 

■1 

4.7573 


6. 1755 


8 . 1695 

1 

1.0934 




1.5690 



1. 309 

■ 

1.364 


1. 410 


1.449 


1.480 

3 

1.000 

-4 

9.9908 

1 .00 

-3 

3.8364 

“3 

4.9083 

-3 

6. 6576 

-3 

9 . 6051 

-2 

1.3473 



a 

7.5911 



1 . 1193 


1 .0760 


1. 0467 


1. 0858 


1.0078 




1.5698 



. 6416 


.8330 


• 6088 


. 7978 


.7893 





.90 

“3 

8.4911 

-3 

3.9500 

-3 

3 . 3993 

-3 

3 . 8087 

-3 

4 .1583 







8 . 1180 


8.4958 


3. 0486 


3 . 8341 


4 .9389 







1 . 189 


1 .190 


1. 854 


1 . 316 


1.371 



-3 

1 .0000 

.75 

-3 

1 . 7403 

-3 

1 . 8703 

-3 

1. 9678 

D 

8. 0499 

-3 

8.1130 



1 

6.0000 



3.7499 


4.7918 


6 . 3365 

■I 

8 . 8802 

1 

1.1138 




1.5698 



1 .310 


1.365 


1. 418 

1 

1 . 451 


1.481 

3 

1 .778 

-4 

5.6804 

1 .00 

-3 

1 .9851 

m 

2.7648 

-3 

3. 8644 

-3 

5 . 4173 

-3 

7.6078 



3 

1.3493 



1 .1319 


1.0794 


1 . 0513 


1 .0314 


1.0163 




1.5701 



. 8480 

B 

. 8836 


. 8104 


. 8008 


. 7935 





.90 

-3 

1 . 4016 


1 . 659 8 

-3 

1 . 9186 

-3 

8. 1488 

-3 

8.3394 







8 .1305 


2.5048 


3. 0633 


3. 8596 


4 .9848 







1 .130 - 

B 

1 .191 


1 . 855 


1 . 317 


1.373 



-4 

6.6234 

.75 

-4 

9 .7905 

-3 

1.0581 


ntTCT 

-3 

1. 1531 

-3 

1.1885 



1 

6.5000 



3 .7614 


4.8846 




8. 3437 

1 

1.1856 




1.8702 



1 .311 


1. 369 

■ 

HI 


1.458 


1. 488 

3 

3.163 

-4 

3.1613 

1 .00 

-3 

1,1170 

-3 

1 .5557 

-3 

8. 1756 

-3 

3 .0514 

n 

4 . 8888 



3 

3.3991 



1.1834 


1.0813 


1 . 0538 


1.0349 

■1 

1.0813 




1.5704 



. 8434 


.884 5 


.8116 


. 8085 

B 

.7959 





.90 

-4 

7.8843 

-4 

9 . 3368 

-3 

1 . 0758 

-3 

1. 8053 

B 

1 .3159 







8.1336 


8.5095 


5. 0717 


3 . 8748 


5.0109 







1 .131 


1 .193 


1 . 356 


1.318 

B 

1.374 



-4 

3.1633 

.75 

-4 

5.8067 

-4 

5.9176 

-4 

6 . 8359 

-4 

6 . 4853 

-4 

6 . 6846 




7.0000 



3 .7679 


4.6285 


6 . 8918 


a ,3799 

1 

1 .1383 




1.5705 



1.311 


1 .366 


1 . 413 


1.458 


1.483 

3 

S . 62 3 

-4 

1.7700 

1 .00 

-4 

6.8833 

-4 

8.7585 

-3 

1. 8843 

-3 

1. 7175 

-3 

8.4146 



3 

4.2655 



1 . 1348 


1.0834 


1 . 0553 


1 . 0369 


1.0839 




1.5706 



. 6438 


. 8850 


. 8133 


. 8035 


. 7973 





.90 

-4 

4.4345 

-4 

5.3518 

-4 

6. 0509 

-4 

6.7793 

-4 

7 .4007 







8 .1353 


3.5183 


3. 0764 


3. 8834 


5.0256 







1 . 131 


1 .198 


1. 357 


1 . 319 


1.374 



-4 

1.7783 

.78 

-4 

3 .0971 

-4 

3.3381 

-4 

3. 5015 

-4 

3. 6473 

-4 

3 . 7594 



1 

7.5000 



3 . 7716 


4 . 8888 


6 . 3084 


8 . 4004 

1 

1.1363 




1.5706 



1 .311 


1 .367 


1. 413 


■1 . 458 


1.483 

4 

1.000 

-5 

9.9991 

1.00 

-4 

3 . 8339 

-4 

4.9331 

-4 

6. 8869 

-4 

9 . 6633 

-3 

1.3588 



3 

7 .5861 



1 . 1347 


1.0830 


1 . 0561 


1 . 0380 


1.0855 




1.8707 



.8440 


. 8858 


. 8187 


.8040 


.7980 





.90 

-4 

8.4939 

-4 

3.9534 

-4 

3. 4030 

-4 

3 . 8185 

-4 

4 . 1680 







8 . 1363 


3.5138 


3. 0790 


3 . 8871 


5 .0341 







1 .131 


1.198 


1 . 857 


1. 319 


1.375 



-4 

1.0000 

.75 

-4 

1 .7417 

-4 

1.0716 

-4 

1 . 9691 

-4 

3. 0511 

-4 

8.1141 



1 

8.0000 



3 . 7736 


4 . 8383 


6. 3087 


8 . 4130 

1 

1 .1383 




1.8707 



1.311 


1.367 


1*414 


1.453 


1. 483 
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TABLE X. - Continued. RESPONSES OP CYLINDERS 

[The niunher to the left of each entry denotes the power of ten by which each entity 
as printed Is to be multiplied. Example: -1 9.7420 Is actueilly equal to 0.97420.] 


(d)£0T^t 2 =* 3.16228 


MZ'jsm 


-1 8.7163 


6.4968 
-1 6.6988 

. 864 

5 -1 6.5800 

*•1 6 . 3660 

.567 


-1 

1.8397 
3.3318 
1 .1641 

-1 

3.0151 

1 

1.0414 

1.8645 

-1 

1.8843 

3.4603 

1.8895 

-1 

1.7508 

1 

1.5135 

1.3940 


6.3968 

5.4846 


1 1 

9 . 558 5 
4 . 5104 
.0451 

1 1 

8 .8334 
2.5291 
.248 

-1 

-1 

6 .8305 
6 .5587 
• 561 

-1 

-a 

9 . 339 5 
7.7599 
.0774 

1 1 

8 . 3571 
3.4384 
.331 

1 1 

6.3097 
8 . 034 3 
.677 


-1 9.6819 -1 9.7720 -1 9.8378 

-3 3.9861 -3 8.3030 -8 1.6390 

. 0393 • 0830 .0164 

-1 9.0767 -1 9.8709 -1 9.4159 

-1 8.3897 -1 3.8796 -1 8.1958 

•335 .884 .816 

-1 7.0830 -1 7.1938 -1 7.3858 

“1 6.7115 -1 6.8170 -1 6.8977 

. 591 . 598 • 604 


>1 9.5983 >1 9.7184 

-3 4.0847 -8 8.8784 

.0408 .0888 


>1 6 . 9841 -1 9 

-1 3.1605 -1 3 

. 306 

-1 6.5646 -1 6 

-1 8.4347 -1 8 

. 701 


-1 

9 . 3979 

-8 

6.9448 


. 0693 

-1 

6. 3584 

-1 

4 . 6605 


. 436 

-1 

5 . 5838 
1 . 1306 


• 848 


1 t 

7 .1864 
2 . 7739 
. 8706 

-1 

-1 

S .7497 
7.3043 
.631 

-1 

3 .9307 
1 .3531 
.934 

1 t 

5.6891 

4.1013 

.3893 

-1 

4.3018 

1.0890 

.800 

-1 

3 .7389 
1.8536 
1 .076 


6 .359 1 
559 
88 


1 1 

8 . 3575 
1. 5857 
. 1573 

-1 

-1 

6 .7019 
7. 1959 
. 684 


4 .1859 
5.6115 
. 5114 



. 945 

-1 

1 .7600 


8.4867 


1 .188 


1 

6.5537 
3.8482 
. 3141 

-1 

4 .649 5 
1.0505 
. 814 

-1 

3 .8807 
8 .0839 
1.118 

1 1 

5.0307 

4.6508 

.4353 

-1 

3 .099 4 
1.4888 
.978 

-1 

1.8068 
3 .8036 
1.888 


-1 

-1 

7 . 3885 
8. 5184 
. 8467 

-1 

5. 0515 
1 • 0085 
. 885 

-1 

3. 9081 
8. 1080 
1. 141 

-1 

-1 

5. 9438 
3. 7630 
• 3599 

-1 

3 . 3980 
1. 5770 
1. 001 

-1 

1. 8516 
3. 1186 
1. 861 


-1 

7 . 9810 

-1 

1.9146 


. 1898 


-1 

6 . 7979 

-1 

8. 9718 
• 8868 

-1 

3 . 6439 
1 . 6634 
1 . 030 

-1 

1 . 8904 
3. 4117 
1. 886 


-1 

-8 

9.4948 
5.0088 
• 0500 

1 

8.4988 
4 • 5610 
• 488 

-1 

5 .6939 
1.1450 
• 853 

1 1 

9 .1816 
8 • 5766 
• 0856 

1 

7 .3684 
7.0809 
. 616 

-1 

4 . 3885 
1 .6330 
1.088 

HH 
1 1 

8.5036 
1 .4311 
• 1481 

-1 

5.6750 
1.1161 
. 840 

-1 



-1 7 
-1 8 

-1 3 

• 5451 
. 8938 

• 8854 

. 8511 

1 

. 7360 

1 

.048 

-1 1 

• 9198 

3 

. 6787 

1 

. 305 
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TABLE X. - Continued. RESPONSES OP CYLINDERS 

[The number to the left of each entry denotes the povfer of ten by vjhlch each entry 
^ as printed la to be multiplied. Example: -1 9.7420 Is actually equal to 0.97420.] 

(d) Continued. <0X4^4- o " 3.1G228 

CO ’ 



Bo 3 Ogea » ou 0 
o 7 llnd ort 

LaslAStdi 07 llQdsr I 

8 

V'ti 1 

gxaot 

First order 


s 

I ^ i 



. “ 1 

1 

1.776 

-8 

5.0610 

1.00 

-1 

a . 7367 

“1 

3.5111 

-1 

4 . 3855 

-1 

5 . 3100 

-1 

6.8800 




9.0845 


-1 

7 . 0768 

-1 

6.1483 

-1 

5 . 8114 

-1 

4 . 3085 

-1 

3.4683 




1.4618 



. 6159 


.5508 


.4804 


« 4060 


.3338 





.90 

-1 

1 .7098 

-1 

1 .9139 

-1 

a . 0963 

-1 

3. 8533 

-1 

8. 3816 







1.7400 


1.9500 


3. 1705 


8. 3908 


8 . 5978 







1.049 


1 .097 


1. 139 


I . 175 


1.303 



-3 

5.6145 

.75 

-1 

1.0603 

-1 

1.0908 

-1 

1. 1156 

-1 

1 . 1368 

-1 

1*1588 



1 

2.6014 



3 . 1776 


3.7149 


4.8919 


4 . 8746 


5 .4331 




1.5146 



1 . 866 


1 . 308 


1.348 


1 .368 


1.389 

1 

3.168 

-a 

3 . 980 6 

1.00 

-1 

1.7081 

-1 

8. 8638 

-1 

2 . 9553 

-1 

3 . 7713 

-1 

4.6753 



1 

1.5466 


-1 

6.3946 

“1 

7 . 4937 

-1 

6 . 650 8 

-1 

5. 7683 

-1 

4 . 8780 




1 .5063 



. 6985 


. 6431 


. 5069 


. 5833 


. 4534 





.90 

-1 

1.0096 

-1 

1 . 1894 

-1 

1 . 2366 

-1 

1 . 3374 

-1 

1.4008 







8.04 90 


8.3884 


8 . 7778 


3 . 8045 


3 . 6473 







1 . 117 


1 . 174 


1 . 885 


1 . 868 


1.303 



-3 

3 .1607 

.75 

-8 

6 . 3189 

-8 

6 . 3799 

“8 

6. 5144 

-8 

6 . 6896 

>8 

6 .7156 



1 

3 .0004 



3 . 8199 


4.6347 


5. 5573 


6 . 5835 


7 . 6537 




1.5398 



1 .315 


1 .358 


1.393 


1 . 480 


1. 441 

1 

S . 68 3 

-3 

1.7308 

1.00 

-1 

1.0141 

-1 

1.3787 

-1 

1. 8564 

• 1 

8 . 4631 

-1 

3.8085 



1 

8.6870 


-1 

9.1837 

-1 

8 . 5518 

-1 

7. 8739 

-1 

7 . 1862 

-1 

6.3078 




1.5336 



. 7439 


.7075 


. 6670 


. 6191 


. 5687 





.90 

•2 

5.8306 

-8 

6 . 5159 

•8 

7. 1851 

•>2 

7 . 6369 

-a 

8 .0477 







a . 2617 


8.7430 


3. 3086 


3 . 9883 


4 .7473 







1 .156 


1 . 881 


1. 877 


1 . 385 


1*363 



-8 

1.7780 

.75 

-8 

3 . 5743 

-8 

3.6659 

-3 

3 .7595 

-3 

3 . 8035 

-8 

3 . 8494 



1 

3.5001 



4 .3340 


5.4011 


6.7304 


8.8888 

1 

1.0069 




1 .5530 



1.344 


1.388 


1 .483 


1. 451 


1.478 

3 

1 . 000 

-3 

9.8155 

o 

o 

-3 

5.8938 

-8 

6 .119 1 

-1 

1. 1135 

-1 

1 . 5149 

-1 

8 .0350 



1 

4.7114 


-1 

9 .7736 

-1 

9.3893 

-1 

8 . 7880 

-1 

8 . 8134 

-1 

7 • 5606 




1.5496 



.7739 


.7486 


. 7806 


. 6876 


. 6474 





.90 

- 3 

3 .3363 

-8 

3 .7147 

-8 

4 . 0579 

•8 

4 . 3448 

-2 

4.5737 







3 .4393 


8. 9941 


3.7180 


4.6197 


5 • 7895 







1 . 188 


1 . 849 


1. 308 


1 • 359 


1.390 



-3 

9 . 99^5 

.75 

-8 

8.0355 

-8 

8 .0863 

-3 

8. 1869 

-8 

8. 1617 

•>8 

a .1875 



1 

4 . 00 ( f 0 



4.6983 


5.9796 


7. 6430 


9 . 7433 

1 

1. 8307 




1.5608 



1.361 


1.405 


1.441 


1.469 


1. 490 

8 

1.778 

-•3 

5.5649 

1 .00 

-8 

3.3754 

-a 

4.6868 

-8 

6. 4961 

*8 

8 . 9700 

-1 

1. 8303 



1 

8 .3113 



1 . 0138 

-1 

9.7638 

-1 

9 . 3911 

-1 

8.9843 

-1 

8 . 5114 




1.5588 



.7983 


.7734 


. 7540 


. 7319 


.7058 





.90 

- 3 

1.8854 

-8 

8.1045 

-3 

8. 8975 

-8 

8. 4581 

-8 

8.5860 







8.5384 


3.1585 


3 . 9871 


5 . 0797 


6 . 4891 







1.196 


1.364 


1 . 385 


1 .376 


1.418 



-3 

5.6833 

.75 

-3 

1.1587 

-8 

1.1810 

-8 

1. 8036 

-8 

1 . 8289 

-8 

1. 8373 



1 

4.5000 



4 . 9349 


6 . 3685 


8. 3903 

1 

1. 0887 

1 

1.4093 




1.5658 



1.371 


1 .415 


1. 451 


1. 479 


1. 500 

3 

3.168 

-3 

3.1437 

1.00 

-3 

1.9179 

-8 

2 . 674 3 

-8 

3.7896 

-2 

5 . 1940 

>8 

7 . aj >97 



8 

1.4713 



1 . 0356 


1.0051 

-1 

9 . 7733 

-1 

9.4848 

-1 

9*1590 




1.5640 



. 8089 


.7879 


. 7739 


. 7590 


.7415 





.90 

-8 

1 . 0649 

-3 

1.1883 

-3 

1. 8968 

-3 

1 . 3869 

-a 

1.4584 







3.5981 


3. -8595 


4.1611 


5 . 3888 


7.0138 







1 . 803 


1 .873 


1 . 335 


1 .387 


1.489 



-3 

3.1633 

.75 

-3 

6 .5078 

-3 

6.6659 

-3 

6 . 7980 

-3 

6. 9002 

-3 

6 . 9804 



1 

5 .0000 



5 .0798 


6.6133 


8 . 7090 

1 

1 . 1555 

1 

1.5357 




1 .5676 



1.376 


1 . 481 


1.456 


1 . 485 


1. 506 
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TABLE X. - Continued. RESPONSES OP CYLINDERS 

[The number to the left of each entry denotes the porjer of ten by which each entry 
as printed Is to be multiplied. Example: -1 9.7420 Is actually equeil to 0.97420.] 

(d) Concluded. “ 3.16228 



WT.rt.a 

Hoaosenfroos 

Laainat«d ojliader 




fi 




Flret ordar 


8 

iS 



eo 

2 

5.623 

-3 

1.7724 



1.0846 



■El 

3 . 1830 

-8 

3 . 9694 

-8 

4.1499 



2 

2.6097 



1.0483 




1 . 0001 

-1 

9.7916 

-1 

9 . 5684 




1.5670 



.6090 

■ 


■ 

. 7854 


.7749 


.7633 





■Rl 

-3 

6.0031 

-3 

6.6974 

B 

7 . 3071 

-3 

7 . 8131 

-3 

8.8144 







8.6329 


3.3193 


4 . 8660 


5 . 5690 


7.3485 







1.208 


1.278 

B 

1. 341 


1. 393 


1 .436 



-3 

1.7763 


-3 

3 . 6677 

-3 

3.7563 

B 

3.8869 

-3 

3 . 6875 

-3 

3 .9384 



1 

5.5000 



5 .1655 


6 .758 4 


8 . 9648 

1 

1.8011 

1 

1.6176 




1.S690 



1.360 


1. 424 

■ 

1.460 


1.488 


1.509 

3 

1.000 

-4 

9.9615 

1.00 

-3 

6.1205 

-3 

8 . 5666 

-8 

1 . 2011 

-2 

1 . 6854 

-8 

8 .3645 



2 

4.6341 



1 .0555 


1.0318 


1. 0J.3 4 

“1 

9 . 9730 

-1 

9 .6151 




1.5686 



. 8124 


. 8011 


.7980 


. 7840 


. 7761 





.90 

-3 

3.3805 

“3 

3.7711 

-3 

4. 1138 

-3 

4.3981 

-3 

4 • 6834 







a .6530 


3 .3539 


4 . 3875 


5. 6600 


7.5514 







1.210 


i.aei 


1. 344 


1 . 397 


1.439 



-3 

1.0000 

.75 

-3 

2.0651 

-3 

2.1148 

“3 

8. 1544 

-3 

8. 1665 

-3 

8.2136 



1 

6.0000 



5 .2153 


6 . 8436 


9 , 1157 

1 

1.8884 

1 

1 . 6677 




1.S696 



1.381 


1.426 


1. 463 


1. 490 


1.511 

3 

1.776 

-4 

5.6175 

RM 

-3 

3.4481 

-3 

4.8298 

-3 

6. 7794 

-3 

9 . 5374 

-8 

1.3395 



2 

6.2339 



1 .0597 


1.0374 


1 . 0210 


1.0076 

-1 

9 .9595 




1 .5696 



. 6144 


.0038 


. 7958 


.7893 


.7834 






-3 

1.9034 

-3 

2.1221 

-3 

2. 3148 

-3 

2.4746 

-3 

8.6011 







a . 6644 


3.3737 


4 . 3688 


5 . 7444 


7 • 6706 







1 .812 


1.283 


1 . 346 


1 . 399 


1.441 



-4 

5.6234 


-3 

1.1621 

-3 

1.1900 

-3 

1 . 8183 

-3 

1 . 8314 

-3 

1.8455 



1 

6.5000 



5 .3435 


6 . 8936 


9. 8089 

1 

1 . 8444 

1 

1. 6973 




1.5702 

■ 


1.382 


1.427 


1. 463 


1 . 491 


1.512 

3 

3.162 

-4 

3.1604 

MH 

-3 

1.9410 

-3 

8.7800 

-3 

3. 6803 

-3 

5 . 3734 

-3 

7 .8641 



3 

1.4636 



1.0620 


1.0406 


. 1 . 0853 


1 .0136 


1.0043 




1.5701 



.8155 


.8053 


,7979 


.7983 


.7875 






-3 

1 .0703 

-3 

1 .1938 

-3 

1. 3028 

-3 

1 . 3980 

-3 

1.4631 







3 .6709 


3.3650 


4 . 3889 


5.7813 


7.7393 







1 .813 


1.284 


1 . 347 


1.400 


1.448 



-4 

3.1633 


-4 

6 .5374 

-4 

6 . 694 4 

-4 

6.8194 

-4 

6 . 9268 

-4 

7 .0063 



1 

7.0000 



5 .3596 


6.9804 


9 . 8528 

1 

1 . 3535 

1 

1.7145 




1.5705 



1 .383 


1.487 


1. 463 


1. 491 


1 .513 

3 

5.623 

-4 

1.7777 

1 .00 

-3 

1.0933 

-3 

1.5308 

B 

8. 1508 

-3 

3. 0267 

-3 

4 .8635 



3 

8.6016 



1.0633 


1.0424 


1 . 0878 


1 . 0178 


1.0090 




1,5704 



.6161 


.606 8 

B 

.7991 


.7939 


.7899 





.90 

-4 

6.0301 

-4 

6.7148 


7. 3848 

-4 

7 . 8891 

-4 

8.3890 







3.6745 


3 .3913 


4. 3944 


5 . 6028 


7 . 7785 







1 .213 


1.384 

B 

1, 347 


1.400 


1.443 



-4 

1.7783 

.75 

-4 

3.6770 

-4 

3.7653 


3. 8356 

-4 

3. 8959 

-4 

3 .9406 




7.5000 



5 .3667 


6.9368 


9.8611 

1 

1.2588 

1 

1.7843 




1.5706 



1.383 


1.488 

■ 

1 . 464 


1.492 


1.513 

•4 

1 .000 

-5 

9.9968 

HHI 

11 

6.1438 

-4 

6 .6187 

B 

1. 8103 

-3 

1 .7036 

-3 

8 .4007 



3 

4.6 365 



1.0641 


1.0434 


1. 0898 


1. 0191 


1.0117 




1.5706 


■ 

.8164 


. 8066 


.7998 


.7949 


. 7918 


. 





3 .3859 

-4 

3.7766 


4. 1198 

-4 

4 .4031 

-4 

4.6880 







2 . 6766 


3 .3949 


4.4008 


5 . 8141 


7.8007 






H 

1.813 


1.884 


1. 347 


1.401 


1.443 



-4 

1.0000 


-4 

3.0680 


8.1177 


8. 1872 

-4 

8.1911 

-4 

8 • 3162 




6.0000 



5.8738 


6.9451 


9 . 8970 

1 

1. 8617 

1 

1.7898 




1.5707 

■ 


1.383 


1.488 

■ 

1. 464 


1 . 498 


1.513 


1.778 

-5 

5.6888 

Iffll 

-4 

3 .4555 

B 

PPilB 

B 

6 . 8084 

-4 

9 . 5851 

-3 

1 . 3510 



3 

6.3356 



1.0645 




1. 0300 


1. 0808 


1.0138 




1.5707 



. 8166 


.8069 


. 8008 


.7954 


.7980 






-4 

1.9041 

-4 

3.1838 


8, 3165 

-4 

3 . 4761 

-4 

8 « 6086 







8 . 6777 


3 .3969 


4.4044 


5 . 8206 


7.8138 







1 . 313 


1.885 


1. 348 


1.401 


1.444 



-5 

5.6834 


-4 

1 .1630 

-4 

1.1909 


1. 8131 

-4 

1.8388 

-4 

1.8463 




6.5000 



5.2767 


6.9501 


9 . 3061 

1 

1 . 2634 

1 

1.7330 




1.5707 

^■1 


1.384 


1.488 

B 

1. 464 


1.493 


1.513 


2922 
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TABI£ X. - Continued. RESPONSES OP CYLINDERS 

[The number to the left of each entry denotes the poi'ier of ten by which each entry 
as printed Is to be multiplied. Example: -1 9.7420 Is actually equal to 0.97420.] 

(e) &)Tint ,2 ’ 


(^Text,2 

Ho 30 e « n«oaa 

LealoatM cylinder | 


t:xAot 

5 

Me : 1 


yirst order 


^ 1 

13 

20 


^ 1 

1.000 

-1 

1 .7696 

nVSTTH 

- 1 



9 .550 5 

-1 

9 . 6778 

-1 

9.7699 

-1 

9.8363 



1.1989 


-2 



4.5050 

-2 

3 . 3262 

>3 

2. 3033 

-3 

1.6388 



.8756 



. 0625 


.0450 


. 0333 


.0330 


.0164 





-1 

7 . 3752 

-1 

7.7218 

-1 

8. 0103 

-1 

8 . 8416 

-1 

8 . 4304 





-1 

4,7603 

-1 

4 .7784 

-1 

4 . 7731 

-1 

4 . 7571 

-1 

4 . 7370 






. 444 


.446 


. 445 


. 444 


• 448 


-1 


■Ifi 

-1 

4 . 1897 

-1 

4 .3047 

-1 

4 . 8187 

-1 

4.8309 

-1 

4.3413 



3.0103 



1.0006 


1.0492 


1 . 0918 


1. 1373 


1.1558 


-1 




. 786 


. 809 


. 839 


. 845 


.058 

1.778 

-1 

1.5953 

1.00 

- 1 

8 .9222 

“1 

9.816 3 

“1 

9.4347 

-1 

9 . 5947 

-1 

9.7106 



1.4140 


-1 

1 .0635 

-2 

7.7459 

-2 

5. 5988 

-a 

4 . 0389 

-3 

8 . 8778 



.9658 



.1059 


.0773 


. 0559 


. 0403 


.0888 




.90 

-1 

6 .7507 

-1 

7.1097 

“1 

7.4189 

-1 

7.6589 

-1 

7 .8510 





- 1 

5 . 9678 

-1 

6.0514 

-1 

6 . 096 5 

-1 

6. 1178 

-1 

6.1855 






.538 


.544 


. 548 


. 549 


. 550 


-1 

4 .9016 

.76 

- 1 

3.7672 

-1 

3.7770 

-1 

3. 7866 

-1 

3 . 7951 

-1 

3 . 8084 



6.1933 



1.1762 


1.2352 


1. 8878 


1 . 3310 


1.3663 



1.0585 



. 866 


. 090 


. 910 


. 927 


. 939 

3.183 

-1 

1.3438 

■■I 

-1 

8 .1836 

-1 

8.657 1 

-1 

9. 0203 

-1 

9 . 3980 

-1 

9 .4917 



1.7963 

mm 

-1 

1.7513 

-1 

1.3009 

-2 

9. 5473 

-3 

6 . 9393 

-8 

5.0064 



1.0638 



. 1734 


.139 4 


. 0953 


.0693 


• 0500 





-1 

5.7810 

-1 

6 .138 4 

-1 

6. 4365 

-1 

6 . 6716 

-1 

6 •0658 





-1 

7 . 9050 

-1 

8 .1421 

-1 

8. 3133 

-1 

8 . 4316 

-1 

8 .5136 






. 669 


.683 


. 694 


. 701 


• 705 


-1 

3.0151 

Kl 

-1 

3 .1617 

-1 

3.1658 

-1 

3. 1703 

-1 

3. 1745 

-1 

3.1784 


1 

1.0414 



1.4787 


1.5583 


1. 6835 


1. 6848 


1.7336 



1.3645 

■ 


. 974 


. 999 


1. 019 


1.035 


1.048 

5.633 

-1 

1 .0345 

mi 

-1 

7 .0784 

-1 

7.7744 

“1 

8. 3406 

-1 

8 . 7834 

-1 

9.1166 



3.4763 

HHHHH 

-1 

3.7517 

-1 

8 .1053 

-1 

1 . 5888 

-1 

1 . 1715 

-3 

8 . 5715 



1.1870 



. 3685 


. 8075 


• 1569 


. 1166 


.0855 





-1 

4.5086 

-1 

4.7951 

-1 

5. 0486 

-1 

5 . 3587 

-1 

5.4858 






1.0811 


1 . 139 4 


1 • 1868 


1 . 8241 


1. 8585 






.834 


. 051 


. 871 


. 886 


. 897 


-1 

1 .7508 


-1 

3 . 4337 

-1 

3.4333 

-1 

2 . 4335 

-1 

3.4243 

-1 

3.4353 


1 

1.5135 





3.0773 


8 . 1886 


3. 8853 


3 . 3655 



1.3946 

B 

■ 

mull 

■ 

1.133 


1 . 148 


1.158 


1 .171 

1 1.000 

-2 

7.3349 


-1 

5.6373 

-1 

6 . 5183 

-1 

7 . 3059 

-1 

7 . 9674 

-1 

8 .4959 



3 .6855 

BHBHH 

- 1 

4 . 0545 

-1 

3.3875 

-1 

3. 5097 

-1 

1 . 9110 

-1 

1.4297 



1.3058 



.3853 


.3188 


. 2459 


.1888 


. 1430 





-1 

3.1578 

-1 

3 . 3645 

-1 

3. 5439 

-1 

3. 6984 

-1 

3 . 8103 




^^mhh 


1 .4757 


1.6050 


1.7204 


1 . 8190 


1.8995 






. 976 


1.014 


1. 044 


1.068 


1.086 


-3 

9 .9504 


-1 

1.6885 

-1 

1.6858 

-1 

1. 6843 

-1 

1 . 6838 

-1 

1. 6837 


1 




8.6958 


3.9038 


3 . 1006 




3 . 4866 






1.316 


1 . 339 


1 . 359 

■ 

mmi 


1.387 

1 1 . 77 S 

-8 

4 .6663 

1.00 

-1 

4.0803 

-1 

4 .9955 

-1 

5. 9178 

-1 

6 . 7809 

-1 

7 ,5345 



5.8357 


-1 

5 .5354 

-1 

4 . 609 8 

-1 

3. 7439 

-1 

8 . 9629 

-1 

3 . 3097 



1 .4011 



.5048 


.4319 


. 3588 


. 8880 


. 8251 




.90 

- 1 

3 . 0880 

-1 

3 .156 4 

-1 

8. 8664 

-1 

2 . 3566 

-1 

3.4378 






1.9451 


3.1981 


8. 4457 


3. 6757 


8 • 8785 






1.096 


1.144 


1.183 


1.813 


1. 336 


-2 

5. 6145 

.75 

-1 

1.0861 

-1 

A . 0033 

-1 

1 . 0813 

-1 

1. 0800 

-1 

1 .0791 


1 

3.5014 



3 .7348 


4 .109 4 


4. 4815 


4.8896 


5 .1376 



1.5146 



1.309 


1.333 


1. 351 


1.367 


1.379 
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TABLE X. 


Continued. RESPONSES OP CYLINDERS 


[The number to the left of each entry denotes the power of ten by which each entry 
as printed Is to be multiplied. Example ; -1 9.7420 Is actually equal to 0.97420.] 


(e) Continued. 2 “ 



a > Text ,2 

Bo = oe * n»oaB 





6 






“ 

10 

so 

40 

60 

m 


-3 



-1 

a . 7055 


3.4634 

-1 

4 . 3633 

-1 

5 . 2930 

-1 

6.3075 

■ 



9.6595 


-1 

6.9418 

“1 

6 .070 7 

-1 

5. 1753 

-1 

4 . 2911 

-1 

3 . 4603 

■ 



1.4676 



. 60 68 


.5456 


. 4776 


. 4053 


.3331 

■ 





-1 

1.3290 

-1 

1.3030 

-1 

1 . 3658 

-1 

1. 4168 

-1 

1.4567 

■ 






3 . 4228 


2 .0507 


3 . 3091 


3.7758 


4.3343 

■ 






1 . 179 


1 .333 


1 . 277 


1.313 


1.338 

1 


-2 

3.1607 

.75 

-2 

6 . 6102 

-3 

6 .569 3 

-3 

6 . 5740 

-2 

6.5632 

-2 

6 . 5661 



1 

3^0004 



5.0217 


S .6842 


6 . 3832 


7 . 0756 


7.7344 

1 

■ 


1.5393 



1 .374 


1 . 397 


1.415 


1.430 


1.443 

1 

5.623 

~2 


jm 

-1 

1 . 6806 

-1 

2.2434 

-1 

2.9376 

-1 

3 . 7563 

-1 

4.6634 



1 

1.6459 


- 1 

8.1109 

-1 

7 . 3879 

“1 

6 . 5923 

-1 

5 . 7373 

-1 

4.8564 







.6615 


.6363 


. 5628 


. 5209 


. 4531 






>2 

7.2009 

“2 

7 . 6169 

-2 

7. 9665 

-a 

6.2487 

-3 

6 . 4680 







3 . 8379 


3.4634 


4 . 1888 


4 . 9970 


5 . 8503 







1.233 


1.290 


1 . 337 


1 . 373 


1.402 



-2 


■m 

- 2 

3.6891 

-3 

3 .8754 

-2 

3 . 6653 

-2 

3. 8581 

-3 

3.8533 



1 

3 . S 001 



6.3940 


7 . 469 3 


6 . 6816 


9 . 9757 

1 

1 .1369 





H 


1.416 


1.438 


1 . 456 


1.471 


1. 463 

2 

1. 000 




-1 

1.0011 

-1 

1.3663 

-1 

1 . 8447 

-1 

2. 4535 

n 

3.1931 






-1 

6 . 9594 

-1 

6.4147 

-1 

7. 7922 

-1 

7.0791 


6 . 2817 







.7306 


. 699 5 


.6619 


. 6160 

wm 

.5609 




mm 


>2 

4 .1416 

-a 

4 .3739 

-2 

4.5668 

>2 

4 . 7243 

-3 

4.8449 







3. 1516 


3. 9555 


4 . 9537 


6 . 1537 


7.5337 







1 . 264 


1.323 


1 . 372 


1.410 


1. 439 





■vn 

-2 

2.3435 

-2 

2 .3353 

-2 

2 . 3290 

-2 

8 . 2245 

-2 

2 . 3215 



■n 




7 . 6406 


9.1949 

1 

1 . 1066 

1 

1 . 3219 


1. 5566 




1.5606 



1.441 


1 .463 


1.481 


1. 495 

■ 

1.507 

a 

1.770 

-3 

5.5166 

IH 

B 

5 .6173 

-8 

6.0455 

-1 

1. 1064 

-1 

1 . 5081 

-1 

8.0395 



1 

5. 0054 



9 .5194 

-1 

9.1381 

-1 

8. 6807 

-1 

8 . 1510 

-1 

7.5333 




1 .5506 



.7608 


.739 8 


. 7149 


. 6839 


. 64 50 





.90 

-2 

2 .3582 

-3 

3.408 0 

-a 

2 . 596 a 

>8 

3.6838 

-3 

8.7497 







3.3648 


4 .307 0 


5. 5333 


7 .0937 


9.0300 







1.262 


1.343 


1 . 393 


1 . 431 


1.460 



-3 

5.6333 

.75 


1 .3799 

-3 

1 . 3750 

-2 

1 . 3713 

..2 

1 . 2607 

-3 

1.8669 



1 

4.5000 


■I 

6 . 6166 

1 

1 .068 5 

1 

1. 3175 

1 

1 . 6310 

1 

1 . 9996 




1.5652 


■ 

1 .453 


1 .477 


1.495 


1.510 


1.521 

a 

3.162 

-3 

3.1390 

■■1 

~3 

3 .3331 

-3 

4 .6437 

-a 

6. 4543 

-3 

8.9291 

-1 

1.33 64 ' 



1 

8 . 8 391 

HHHHH 

-1 

9 . 8663 

-1 

9 .5851 

-1 

9 . 3755 

-1 

8 . 9096 

-1 

8.4641 




1.5595 



.7707 


.7643 


. 7478 


. 7370 


. 7084 






-3 

1 .3353 

-3 

1 .408 0 

-a 

1. 4684 

•3 

1.5168 

-3 

1.5540 







3.4993 


4 .536 0 


5 , 9357 


7 . 7679 

1 

1 .0159 







1.393 


1 .354 


1.404 


1.443 


1.473 



-3 

3.1633 


B 

7 . 3554 

-3 

7 . 237 2 

-3 

7. 3062 

-3 

7.1911 

-3 

7.1806 



1 

5.0000 


■1 


1 

1.1665 

1 

1 . 4793 

1 

1.8838 

1 

3 . 3906 




1.5676 


■ 

H 


1.485 


1 . 503 


1 . 518 


1.529 

a 

5.623 

-3 

1.7677 

1.00 

-3 

1 .0934 

-3 

3 .650 0 

-3 

3. 7056 

-a 

5.1703 

-2 

7 . 1865 



3 

1.5639 



1 .0073 

-1 

9 .8637 

-1 

9 . 6471 

-1 

9 . 4017 

-1 

9.1043 




1.5644 



.7090 


.7785 


. 7674 


. 7546 


.7385 





.90 

-3 

7 .5379 

-3 

7 .9457 

-3 

6 . 2844 

-3 

6 . 5546 

-3 

8 . 7631 







3.560 3 


4 . 6767 


6 . 1740 


8.8093 

1 

1.0940 







1.298 


1 .360 


1.410 


1.450 


1.480 



-3 

1.7783 

.75 

-3 

4 . 0986 

-3 

4 .0835 

-3 

4. 0706 

-3 

4.0619 

-3 

4 .0559 



1 

5.5000 



9.7402 

1 

1.3353 

1 

1.5904 

1 

2 . 0660 

1 

2 . 6097 




1.5690 



1 . 668 


1.490 


1. 508 


1 . 533 


1 . 534 
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TJUSLE X. - Concluded. RESPONSES OP CYLINDERS 


[The number to 
as printed Is 


the left of each entry denotes the power of ten by which each entry 
to be multiplied. Example: -1 9.7420 is actually equal to 0.97420.] 


(e) Concluded. 4JTjnt,2 









8 




yiTBt order 



10 

20 

1 

^ 1 

3 

1.000 

-4 

9 . 9666 


•8 

1.0709 

-8 

1.508 5 

-2 

3 . 1083 

-3 

3 . 9558 

-2 

4.1365 



8 

8.7780 

IHM 


1.0198 


1 .0036 

-1 

9 . 8695 

-1 

9.7031 

-1 

9.50 87 




1.5678 



. 7949 


.7867 


. 7788 


. 7703 


.7603 






-3 

4 . 3480 

-3 

4.477 0 

-3 

4 . 6670 

-3 

4 . 8187 

-3 

4 . 9354 







3 . 6376 


4 .760 0 


6. 3335 


8 . 4011 

1 

1.1436 







1.308 


1. 364 


1. 414 


1. 453 


1. 484 



-3 

1.0000 

■cn 

-3 

8.3107 

“3 

8 .3016 

-3 

3.3948 

-3 

8.3899 

-3 

8.3865 



1 

6.0000 


1 

1.0007 

1 

1.876 0 

1 

1 . 6610 

1 

8 . 1057 

1 

8.8948 




1.5698 

■ 


1.471 


1.493 


1 . 511 


1 . 526 


1 .636 

3 

1.778 

-4 

5.6188 

HRVfl 

-3 

6.0422 

-3 

8 . 4888 

-2 

1. 1934 

-8 

1 . 6777 

-2 

2.3569 



8 

4.9883 



1.0261 


1 .0180 

-1 

9.9999 

-1 

9.8013 

-1 

9.7583 




1.5666 



.7983 


.7914 


. 7854 


. 7794 


. 7739 






-3 

8.3918 

-3 

8.5804 

-3 

3. 6871 

-3 

2 . 7182 

-3 

3.7778 







3.65 49 


4.8088 


6 . 4110 


8 . 6434 

1 

1-1736 







1.304 


1. 366 


1 . 416 


1 . 456 


1.486 



-4 

5.6834 



1 .3013 

-3 

1.3961 

-3 

1 . 3933 

-3 

1 . 2895 

-3 

1. 3876 



1 

6.5000 



1.0165 

1 

1 .3034 

1 

1. 7037 

1 

3.8596 

1 

3.0840 




1.5702 

■ 


1.473 


1.494 


1 . 513 


1.527 


1.530 

3 

3.163 

-4 

3.1589 


-3 

3.4040 

-3 

4.786 0 

m 

6 . 7357 

-3 

9. 4830 

-3 

1 . 3352 



8 

6.7460 



1 .0300 


1.0174 


1 . 0074 

-1 

9.9843 

-1 

9.8949 




1 .5697 



. 8008 


.794 0 


. 7891 


. 7846 


.7801 






-3 

1.3459 

-3 

1.418 3 


1. 4783 

-3 

1.5360 

-3 

1.5688 







3.6704 


4 . 8358 


6 . 4613 


8 . 7359 

1 

1 .1912 







1 . 305 


1 .367 


1 . 417 


1.457 


1. 487 



-4 

3.1683 


-4 

7 .3233 

-4 

7.8943 


7. 3738 

-4 

7 . 2571 

-4 

7.2463 



1 

7.0000 


1 

1 .0256 

1 

1 . 3182 


1 . 7308 

1 

3. 3035 

1 

3.1036 




1.5705 

■ 


1,474 


1.495 

■ 

1. 513 


1 . 537 


1.539 

3 

6.683 

Bl 

1,7778 


-3 

1 . 9168 

-3 

3.6953 

-3 

3. 7956 

n 

5 . 3488 

-3 

7 . 5396 




1.5546 



1 .0388 


1 . 0805 


1. 0116 


1 .0043 

-1 

9.9769 




1.5702 



. 8013 


.7955 


. 7912 


. 7876 


. 7843 



■ 



-4 

7. 5714 

-4 

7 .9779 

-4 

8 . 3150 

-4 

8 . 5838 

-4 

8.7907 







3.6798 


4 .8515 


6 . 4900 


a . 7894 

1 

1.8013 



H 




1 .305 


1.368 


1 . 418 


1.458 


1.488 




1.7703 


-4 

4 . 1201 

-4 

4 . 1038 

-4 

4 . 0916 

-4 

4.0888 

-4 

4 .0767 




7 ,6000 


1 

1.0308 

1 

1 . 3866 

1 

1. 7433 

1 

3.3889 

1 

3.1496 



■ 

1.5706 

■ 


1.474 


1 . 496 


1 . 513 


1.588 


1 . 539 

4 

1.000 

-s 

9.9966 

1.00 

-3 

1.0788 

-3 

1,5170 

-3 

3 . 1369 

-3 

3 . 0138 

n 

4.3497 



3 

2.7635 



1 .0336 


1.0888 


1. 0140 


1 . 0077 

■I 

1. 0084 




1.5704 



.8019 


.7964 


. 7923 


. 7893 

M 

• 7866 





,90 

• 4 

4.8586 

-4 

4.4872 

-4 

4. 6767 

-4 

4 . 8878 

Bl 

4.9441 







3.6841 


4 .8603 


6. 5063 


6 . 8197 

■I 

1. 3071 







1 . 306 


1 . 368 


1.418 


1.458 


1.488 



-4 

1.0000 

.73 

-4 

8 , 3175 

-4 

8.3083 

-4 

3 . 3015 

-4 

3 . 2965 


8.8931 



1 

8.0000 


1 

1.0337 

1 

1.3314 

1 

1.7514 

1 

3 .3435 

■I 

3 . 1763 




1.5707 



1.474 


1 . 496 


1 . 514 


1.538 

1 

1. 539 

4 

1.778 

-5 

5.6383 

Mil 

-4 

< . 0653 

-4 

8 .534 5 

-3 

1. 3035 

-3 

1 . 6958 ^ 


2 .3930 



3 

4.9137 



1 . 0343 


1 .0331 


1 . 0153 


1 . 0096 


1.0050 




1.5706 



. 8088 


,7968 


. 7930 


. 7903 


. 7879 






-4 

3.3951 

-4 

8 .5836 

-4 

8. 6308 

>4 

2 . 7151 

-4 

2 . 7805 







3.6869 


4.8653 


6 . 5154 


8 . 8370 

1 

1 .2104 







1.306 


1.368 


1.419 


1.450 


1.486 



-5 

S .6334 


-4 

1 .3034 

-4 

1 . 8983 

-4 

1 . 8944 

-4 

1. 2916 

-4 

1.3897 



1 

6.5000 


1 

1 . 0554 

1 

1. 334 1 

1 

1 . 7561 

1 

2.3518 

1 

3.1914 




1 .5707 

H 


1.474 


1.496 


1. 514 


1.538 


1. 540 

4 

3.168 

-5 

3.1619 


-4 

3 . 4113 

m 

4.8005 

-4 

6. 7645 

-4 

9.5413 

-3 

1 . 3 4 6 6 ' 



3 

8 <7360 

HHBHH 


1 .0346 


1 .0337 


1 . 0161 


1 . 0106 


1.0065 




1.5707 



.8084 

M 

.7971 


. 7934 


. 7907 


. 7886 






-4 

1 .3469 


1 . 419 2 

-4 

1.4791 

-4 

1 . 5369 

-4 

1. 5637 







3.6886 


4.8608 


6 . 5205 


8.8467 

1 

1. 3133 







1 . 306 


1.368 


1 . 419 


1.450 


1. 489 



-5 

3.1683 


-5 

7.3301 

-5 

7 . 3011 

-6 

7. 3795 

-5 

7 . 3637 

-5 

7.2539 



1 

9.0000 


1 

1 .0363 

1 

1 . 3367 

1 

1 . 7507 

1 

3. 3564 

1 

3.1999 




1.5700 


IH 

1.475 


1.496 


1. 514 


1 . 538 


1.540 
















































TABLB XI. - THERMAL RSaPONSES OP CYLIHIIERS TO SINUSOIDAL ENTOIONMBJT TEMPERATURE OHANQE 
(a) Parameter values for various combinationa of oyllndera and oondltlona at P ■ 0.90 




Iteml 

i 

“■’’ext 

“■^lnt,2 


“l^a 

“l^-b 

°2i’a 

agi^ 

I 

iO 

10 

0.1 

0.047A58 

5.4027 

6.00SO 

0.854244 

0.94916 

n 

5 

100 

.1 

.0047A58 

1.9101 

2.1224 

.854244 

.94916 

III 

AO 

100 

.1 

.0047156 

5.4027 

6.0050 

.864244 

.94916 

IV 

iO 

100 

1.0 

.0160075 

17.0648 

16.9632 

2.70135 

3.0015 


■a 

1000 

1.0 

.00150076 

6.0404 

6.7116 

2.70135 

3.0015 


o 

lOOO 

1.0 

.00150075 

17.0648 

18.9832 

2.70135 

3.0015 


Relative amplitude t) (or m^an relative amplitude 7?) and relative phase i ag qj 
or mean relative phase lag cp), radians 


Item 


®Tejct 

®^lnt,2 

Homogene c«3 
metallic 
cylinder! 
exact solution 

Homogeneoue 

metallic 

cylinder: 

’’first-order'' 

solution 

Metallic shell over oxide core 

Shell thickness 
0.1 Tb 
(P - 0.90) 

Oxide surface 
veaue - equivalent 
to limiting ease 
of zero shell 
thickness 

(ra - P - unity) 


<P2 

^2 


^2 

1>2 

^.1 

Vl 

I 

40 

10 

0.1 

0.098405 

1.4718 

0.099504 

1.4711 

0.20317 

20324 

0.96613 

^.96468 

0.26804 

0.66669 

II 

5 

100 

0.1 

0.0099683 

1.6608 

0.0099995 

1.6608 

0.011381 

^.011384 

1.2366 

^1.2370 

0.012147 

1.1057 

ml 

40 

100 

0.1 

0.0099883 

1.5608 

0.0099996 

1.5608 

0.022467 

022456 

1.1202 

^1.1200 

0.031153 

0.82871 

IV 

40 

100 

1.0 

0.0099049 

1.6677 

0.0099995 

1.5608 

0.037680 
a. 037681 

1.2826 
^1 . 2827 

0.090430 

0.73955 

m 

5 

1000 

1.0 

0.00099905 

1.6696 

0.0010000 

1.6698 


1.1291 

®1.1290 

0.0055264 

0.84163 

YI 

40 

1000 


0.00099905 

1.5695 

0.0010000 

1.5698 


1.3156 

^1.3160 

0.0096051 

0.79782 


Numerical Integration (all others analytical). 
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TABLE XII. - VALUES OF ? = 


V+iV 


nl/2 




m')‘ 

* a 


+ (Im^ - plma)‘ 


AND C 


-1 


Case 



"b 

K 


In; 


c 

C-' 

n 

0.75 

5 

-0.1001238 

-0.0501360 

0.1972349 

0.1538661 

0.0469264 

2.14781 

0.465591 

A2 

.90 

5 

-.U4231S 

-.0861069 

.1916053 

.1778131 

.0497614 

4.60519 

.217146 

03 

.75 

10 

-.1344043 

-.0697109 

.U04311 

.0976019 

.0302595 

1.92925 

.518336 

B4 

.90 

10 

-.1534562 

-.1173460 

.0950813 

.0981243 

.0322129 

3.74675 

.266890 

FS 

.75 

5 

-.6066399 

-.2678285 

.U79806 

.1899874 

.270604 

1.69584 

.589676 

B6 

.75 

20 

-.1665920 

-.0919382 

.0007614 

.0381408 

.0277535 

1.64062 

.609451 

A7 

.90 

5 

-.6518770 

-.4340794 

.0255862 

.1122606 

.505222 

5.10384 

.322182 

C8 

.90 

20 

-.1756330 

-.1427320 

-.0456629 

-.0046331 

.0529521 

2.88849 

.346202 

09 

.75 

10 

-.4899951 

-.3139479 

-.3687887 

-.0498961 

.376100 

1.46771 

.661534 

XIO 

.75 

40 

-.1250783 

-.0938909 

-.1827518 

-.0516370 

.0485465 

1.43614 

.696311 

Bll 

,90 

10 

-.3894454 

-.5900846 

-.5850827 

-.3360279 

.493989 

2.46396 

.405851 


, 7b 

5 

-.1692727 

-.7641983 

-2.709533 

-.9072830 

7.57022 

1.31222 

.762067 


.90 

40 

-.0411320 

-.0799780 

-.2613120 

-.168450 

.0699758 

2.32066 

.430875 

Eli 

• 75 

20 

.3019220 

-.1140320 

-1.0083820 

-.4233160 

1.10799 

1.32866 

.752525 

Alb 

.90 

6 

1.104770 

.0026245 

-s.iiein 

-2.226103 

10.9431 

2.11012 

.473907 

J16 

.75 

80 

.306378 

.0389140 

-.3161320 

-.1666440 

.195036 

1.30521 

.766160 

C17 


fiO 

1.0626730 

.4522930 

-.8998850 

-.7760490 

1.93907 

2.03031 


018 

.75 

10 

6.3785X3 

1.516443 

-.759680 

-1.610672 

41.2625 

1.22114 

.818907 


.90 

80 

.627794 

.348538 

-.0576120 

-.168192 

.397444 

1.92319 


IfiO 

.75 

40 

2.7U700 

.9 626220 

1.229091 

-.1879610 

9.04404 

1.23097 

.812367 

B21 

.90 

10 

7.960020 

5.466126 

5.358710 

1.015496 

92.0777 

1.78186 

.561211 


.75 

6 

8.00200 

12.94182 

83.69394 

6.59280 

2919.06 

I.IOSIO 

.904895 

D23 

.90 

40 

r. IS 69 20 

1.663180 

4.98093 

2.24385 

25.9054 

1.71747 

.582252 

tin 

.76 

20 

-11.52507 

2.337990 

2S.76922 

7.191600 

796.880 

1.16071 

.861542 

ASS 

.90 

5 

-88.27108 

-7.SS090 

72.66984 

46.63922 

8,676.40 

1,55421 

.643414 

J28 

.75 

80 

-16.47183 

-2.344590 

5.781670 

5.656730 

304.749 

1.16194 

.860630 

C27 

.90 

20 

-59.76051 

-23.71639 

-.711380 

12.94566 

3,571.63 

1.54645 

.646642 

028 

.75 

10 

-237.0438 

-84.6018 

-332.3518 

4.96680 

166,648 

1.07921 

.926604 

B29 

.90 

80 

-20.6858 

-16.3352 

-38.5983 

-11.0639 

1,916.91 

1.49747 

.667793 

130 

.75 

40 

76.1961 

-50.16030 

-292.5260 

-53.1686 

91,261.9 

1.11432 

.897408 

B31 

.90 

10 

754.1098 

72.6934 

-836.9125 

-459.5737 

126,911x10 

1.39343 

.717654 

F32 

.76 

5 

6,390.457 

944.5842 

8,103.892 

-1,191.768 

US,07JX10® 

.985974 

1.01425 

D33 

.90 

40 

966.683 

417.9770 

487.1490 

-52.1250 

117,179X10 

1.38055 

.724464 

U34 

,76 

20 

392.3760 

1,281.662 

9,305.473 

710.496 

867,458X102 

1.05948 

.943877 

A35 

.90 

5 

-20,285.686 

2,927.539 

33,414.525 

12,894.371 

182, 736X10* 

1.25554 

.809563 

J36 

,78 

60 

-10, 745.53 

-811.430 

2,916.73 

1,462.41 

128,978x10® 

1.08U0 

.924964 

C37 

.90 

20 

-44,798.10 

-16,712.10 

-25,644.79 

1,675.01 

266,453X10* 

1.27755 

.782748 

038 

.76 

10 

440,812.4 

-55,567,20 

610,100.1 

-59,234.37 

454,518X10^ 

.931447 

1.07360 

E39 

.90 

60 

63,322.3 

5,501.90 

-60,142.1 

-25,805.9 

762,678X10* 

1.26446 

.790851 ! 

140 

.75 

40 

679,842.3 

99,993.3 

477,428.2 

-60,423.2 

100,206X10'' 

1.04505 

.958727 

B41 

.90 

10 

626,180 

1,191,050 

5,850.294 

914,359.3 

892,188X10® 

.672574 

1.48660 

M2 

.90 

40 

-1,287,653X10 

-381,291X10 

-829,584x10 

40,742.5X10 

284,626x10® 

1.19520 

.836680 

E43 

.75 

20 

23,345,160X10 

-1,267,519X10 

1,4J«,S>5x102 

-1,669,166X10 

781,876X1011 

•949063 

1.05367 

J44 

.75 

60 

-«28,110X1o2 

662,222X102 

9,540,037X102 

«52,575X10* 

914,068X1012 

1.03124 

.969706 

CAS 

.90 

20 

-8,577, 456X10J 

-1,128,706X10J 

207,809X105 

1,110,798X10® 

736,160X101* 

1.12515 

.888770 

E46 

.90 

60 

8,268,0.1X10* 

855,051X10* 

614,665X10^ 

-702, 917X10* 

895,882X101® 

1.13715 


147 

.76 

40 

-13,785,600X105 

678,. 25 XIO® 

10.592.6X0X10® 

722,760X10® 

302,251X10^ 

.994984 

1.00504 



TABLi rm. - stirthm vaujhs (m cxiae) at cuma sukpacs of coke 




Oue 


la 

teroda) 

beloda) 


bol^da) 

FI 

6 

l.G91d000 

0.88886354 

0469640316 

-0.2&066018 

0.76963041 

Afi 

G 

1.9101000 

.79320661 

489108519 

-.43053440 

.68906646 

Q3 

H4 

2.2B11000 

.60522069 

1.2106105 

-.60710673 

.97601030 


K9 

9.7014000 

.18706184 

1.8671165 

-1.1754603 

.90124266 
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Figure E . - Reduction factor tj^ [t)j^ ]. 
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Figure 5. - ApprojcLmate electrical equivalent of homogeneous cylinder at 
high values. External (boundary layer) resistance much greater 

than box impedance. 
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(a) Qiroap A. p - 0.90j Ic^^l “ 5» 

Figure 8. - Relative mean amplitude of cylindrical Bhell over o^dde core. 

(Large coplee of all parts of this figure may bo obtained by using the request card bound In the back of the report.) 
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Figure 8 


Continued. Relative mean amplitude of cylindrical shell over oxide core 
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(c) Group C. p •» 0.90; “ 20. 


Figure 8. - Continued. Relative mean amplitude of cylindrical shell over oxide core. 
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(d) Group D. p - 0.90; k^/k^ = 40. 

Figure 8. - Continued. Relative mean amplitude of cylindrical shell over oxide core. 
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(e) Group E. p = 0.90; = 80. 

Figure 8. - Continued. Relative mean eunplltude of cylindrical shell over oxide core. 
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(f) Group F. p = 0.75; =. 5. 

Figure 8. - Continued. Relative mean amplitude of cylindrical shell 


over oxide core. 






128 


MCA. TN 3514 



4 6 6 to SO 40 


.02 .04 .06 .08 .1 .2 .4 .6 .8 1 

(g) Group Q. p = 0.75; =• 10. 

Figure 8. - Continued. Relative mean amplitude of cylindrical shell over oxide core. 
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Figure 8 


Continued. Relative mean eunplitude of cyllndricaa shell over oxide core 
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(l) Group I. P =« 0.75; k^/kj^ = 40. 

Figure 8. - Continued. Relative mean amplitude of cylindrical shell over oxide core. 
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(J) Group J. p = 0.75; ko/k^ = 80. 

Concluded. Relative mean amplitude of cylindrical shell over oxide core. 
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(a) Oroup A, p “ 0.90j ** 5. 

Figure 9. - Relative mean phase shift (lag) of cylindrical shell over oxide core. 

(Large copies of parts of thi« figure may be obtained by using the request card bound in the back of the import.) 
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(b) Group B. p = 0,90; 

Figure 9. - Continued. Relative mean phase shift (lag) of cylindrical shell over oxide core. 
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(o) Group C. P =« 0.90; ^ 2/^1 - 20. 

Figure 9. - Continued. Relative mean phaae shift (lag) of oyllndrloal shell over oxide core 
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(d) Group D. P - 0.90; 

Figure 9. - Continued. Relative mean phase shift (lag) of cylindrical shell over oxide core. 



radlani) 


136 


MCA TN 3514 



(e) Group E. P = 0.90; 

Figure 9. - Continued. Relative mean phase shift (lag) of cylindrical shell over oxide core. 
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(f) Group F. P - 0.75; 


Figure 9. - Continued. Relative mean phase shift (lag) of cyllndrloaa shell over oxide core. 
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(g) Group O. P ■» 0 . 75 } = 10. 

Figure 9. - Continued. Relative mean phaae shift (lag) of cylindrical shell over oxide core. 
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(h) Group H. p = 0.75; kg/k^^ = 20. 

Figure 9. - Continued. Relative mean phase ahlft (lag) of cyllndrloEa shell over oxide core. 
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(l) Group I. p = 0.75; =■ 40. 


Figure 9. - Continued. Relative mean phase shift (lag) of cylindrical shell over oxide core. 
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(J) Group J. p = 0.75; ICgAi “ 80. 

Figure 9. - Concluded. Relative mean phase shift (lag) of cyllndrlosil shell over oxide core. 
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Figure H, - Reeponea of 80T'"“1. typloal laainatod and honogansoue wiroe. * 40; Betel, platinuB; oxide, fnead qu»rti. 






